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1.1 =ZABPH)—SEEALERX

i AABC WA A HK DA ab.c, SMERFA Y]
B0 5k R,
1. Weitzenbock A%
43A<K Da (1.1
LHNYS=AFNE=AEHRES.
2. Polya-Szego A% =R,

Ag‘g(]'[a)% (1.2)
HHMNLE=MERNE=MERRES.
g, BaSla < @her? 1.3)

VHNYE =M E=MAENRES.
4. Neuberg-Pedoe RZ =,
# AAAA; 5 AB B, B; BI1E491H a) vas ras F by,
by sbs s TARST SR A F1 A, T
Dlat(— bt + b+ b8 = 16A,4, (1. 4)
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B3+ D @—b0"'< Dla* <4BA+3 Dl a—b)°
HBHNE=MAENE=AENRES.
7. Walker AR
1 _ 1
2 a<is
LBHMNY=MERNE=MEHNBRES.
8. Neuberg 7%=
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HHNE=MERE=AENRES.
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Inequality in the Tetrahedron

MEE 1.7 V=%& (1.16)
ﬁﬁ 1.8 iﬁﬁi%ABCD,iEBC=a,CA=b,AB=C,DA =a,9DB=b’y
DC =C,vmu
R= -/l ¥ Fa) Bt —a) & oz ~B) s T =)

24V
(1.17)
MR 1.9
—144V? = Y 1a% @ —b'?) (@' =) — D)a’ B+t —aP)a'? +atbie’
(1.18)

MR 110 FHUEEHE DT =RAKSHNH a.b,c, ENTHIXTHE 5
Sk a0 ie
- Po=C(aa )’ @B +c+b*+"?—a®>—a'?)
P,=(bb')* (" +a*+c?+a'?—b*—b'?)
Pi=(cc)? @+ +a"?+b*—c— %)
Q= (abc)*+ (ab'c")* 4+ (bc'a’)* + (ca'b’)?

W AR

v=11—2<P1+P2+P3—Q>% (1.19)

MR 111 ENE AT, SRR — DU =& a.b,c FRRMA N0,
02+ » U 1 T A 4 A AR

Vz—é—abc . T(R) (1. 20)
1 cos 0, cos B,
Her T (R) = |cos 6, 1 cos 0 |.
cos @, cos O; 1

MR 112 HNEESY AR HH e, XA EEMER A d,
Xt B BT R B4 #R S 0, U Y T K ) 4 AR

—~aa'd « sin 0 . 21)
_ 251 Sz sin 012 o 281 Sg sin 013 _ 281 S4 sin 014 _
ﬁﬁ 1. 13 V— 3A3A4 - 3A2A4 3023
ZSZ 53 Sin 023 o 253 84 Sin 634
3ay, a 3ay, G- 22

R 1.14 EXMMEE AAAA BT TR M E 2 ER
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Pt ek e

Xy Vi %
MR 1. 15 (3 R E B
Si=D)Sicos b (k=1,2,3,4) (1. 24)
iF=k

MR 1. 16 (R ZEH)
¢ =8+ S+ S —285,S;c0s 03 — 2S;S,cos G5, — 2S5, S, cos Bz
S =8 + 8%+ S} —2S,S;cos 63 — 2S;S,cos Gz — 25, S, cos 6y,
S =St + St + St — 25, S, cos 62 — 25; Sicos Gy, — 25, Sicos Gy
S: =8+ 8%+ S% —25,S,cos 1, — 2S,S;c0s 6,3 — 25, S, cos 6y,

1. 25)
MR 117 2 > SiS;cos ;=S (1.26)
1<i< <4 i=1
4
HR 118 (38) =4 3 88, cos & .27
i=1 1<i<<4

MR 119 BMmE £G=1,2,3,4) BMELH AW AAG=1,2,3,4)
ZF—H G.G RHMNEEKA AAA, BEL,W AG=3GA" . (i=1,2,3,4).
MR 1. 20
4GAY + aky +ab +ad =4GAL + dk +dk +ak =
4GA% + a?, + a?, + ak,

I

1GA? +at, +aty +aly = X a
4 I<i<j<d
(1.28)
4
M 1. 21 Smi=% 3 g (1.29)

9 I<i<j<4

MR .22 fEDEE AI;CD t, =4 %% AB,CD,AC,BD,AD,BC &
SRR ara sbob’ e o T U T A B S0 B AT S TR = 3B K R
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Inequality‘in the Tetrahedron

1.3 JINERAAEX

L B AR B E A LT F B E A F X
ﬁ ajpsAzs**tya, ig%]ﬂi& Ymu

q"/a1az"'a,, < & +az :_ +(l,, (1. 31)
%5 4HMNY a) =a, =+ =a, BRI

2. M AR
‘iﬁ aivbi(i':l,z’"'vn) ﬁ{iﬁiﬁ'mu

(Za,bl)z<(§a?)(§;b?) (1.32)

HBLAN YL == = 2GR
3. WFEHA%ERX
ﬁa,- > O(i=1,2,"'97’l) smlj

(al+az:‘"'+a,,)’<ai+a§+'"+a; r>18r<0) . 33)
.n
“+““+”+”;<(“+”“P"+“jr(o<r<1) (1.34)

n n

5 Y4 HMNY ay =a, =+ =a, BHAL.

4. HEFAER

% ) KL ay Ko Kby Kby oo Kby by sky s ok, (1,2, ,n) BIE
— e,
Za,-b,,.ﬂf,- < Zajbkj < Za,bi (l. 35)
i=1 i=1 j=1
5. ] L E K (Chebyshev) RE&R;
Fa <a << a,b <b, < - < b,
Zakb,ﬁk_H < %(Zak) (Zbk)< Zakbk (1. 36)
k=1 k=1 k=1 k=1

6. % 5597 Pk (Maclaurin) A% GFFREHEA LK)
ﬁak > O(kzlyzv'"sn) ,Blll

1
aas*a, + ajasra, + o +ajazra,, ) =
n

Ja,a,a, < ( < e <
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Inequality in the Tetrahedron

VU i AR AN R &R

2.1.1 ME5Mm

HATBEE A0 S EAER —FEAM 3 FHLR
e SA ,SB,SC, LA B AH 4B W5 4% 5 £k [6] #Y - 1o 38 43 24 A i) 19
= YELA S hTo s B =TH £, i8/E: =T M S -ABC, 54k SA,SB,
SC ny M = THI £ 48 » AH &1 A 4 (] Fr) A1 P4 4 =TT A ) T A 5 AH 4B
F4y 7B A T 26 A A T A M 1 = TR 9 T A i X TR T AR
) £ WY/ = T A A T AR

=MW S-ABC *#,i¢ L ASB =a, /ASC =8, /BSC =
s AT X 0 T A 535 R 6, 50450, B ATTT X BB T A 43 53
A TLsTprTye

MR 2. 1C 25 [ A 5% 8 HD

cos a — cos fBcos ¥
sin Ssin ¥
iERl  fnfE 2.1,7 SA,SB L4 FIBUE ELF.{§18 SE =
SF=1,¢ EH | SC F/& H,FG | SC F& G, EH 5 FG
Fr I f A 6,, H SH = cos 8, EH = sin 8,SG = cos 7,FG =
sin ¥, HG =| SG — SH |=| cos y —cos #3 |.

ally

cos 0§, = 2.1)




S mEZ EMaREEAKX,A
EF? =EH*® + FG* + HG* — 2EH « FG « cos 0, =
2 — 2cos Bcos y — 2sin Bsin ycos 0,
X7 ASEF w,EF? = SE* + SF* — 2SE -
SFcos a =2 — 2cos a.
0 AT VT RN DI T S
MR 2.2
P(S) =sin’a sin’z, =sin’ @ sin’r, =sin’y sin’z,
(2.2)
(HH PS) =1 — cos’a — cos’f — cos’y +
2cos acos Beos y MYAE = i f AR AEED .
W W 2. 2.4F EH | -/ BSC FA H,
HF | SC F & F,Bk4%5 EF , )l
~EFH =0,,/ESH =r,, /ESF =8

. _EH .., _EH . o EF _. s
Elazj:smz-,—SE,smﬁa EF’Sm‘B SE,FJTU
sinr,zg—g:%-%zsinﬁ,sinﬁ.ﬂ:%

sin’r, sin®y =sin’B sin’y sin’f, =

sin’B sin® y(1 — cos’d,) =

ey . c05¢z—(:os[3‘cos}')Z _
sin” sin 7[1 ( sin @Bsin ¥

P(S)
EE P(S) %ﬂ:a v,B!)' H{]_er‘ﬁzllﬁ’:yﬁ
sin’a sin’z, =sin®@ sin’r; = sin’y sin’z, = P(S)

HEEE.
2.1.2 MM

L#&EO0<afy<m Ha+p+r<<2r, WA a\rBy 1o R—1 =
) 78 SR A

' a+B> 7B+ r>ary+a>pB 2.3)

iERl ot R LT IR S

1E=Tf S-ABC %, /ASB =q, /ASC =B, / BSC =7, 0 < a\8,7 <
n. fESA FHUSP =1, PYEEE 5 SB,SC 45X T HQ,H, B4 PQ,PH ,
QH.% /QPH =¢, ] PQ =tan a, PH =tan 8,SQ =sec a,SH =sec 3, T /&

QH® =tan’a + tan’f— 2tan atan Scos ¢
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Inequality in the Tetrahedron

QH? =sec’a + sec’ 8 — 2sec asec fcos ¥

P 2 A e B AR

cos ¥ = cos acos 3+ sin asin fcos ¢ 2. 4)
K sing > 0,sin >0, —1 < cos o< 1, \TiIH

cos(a+ B) << cos y << cos(a — ) (2.5)

A a=pMo<a—B<n Hat+tp=nlt,va—pE [0,n): H
cos y <<cos(a—R) Fihy >a—Bsilla—B<ry<atp
Bo<atp<nhts¥ia—pBra+BE [0,m) HARQ.DABa—p<y<
at+pB FRE a+p> 7.8+ 7> o FHEATIE « + 7 > B IEEE.
2. H0<a:.foy<m:Ha+p+ry<<2n. Lk a,By NEAWE —I =M
A RERM R
cos(a+ ) < cos ¥y << cos(a—f3) (2.6)
cos(a+7y) < cos B< cos(a—7)
cos(f+¥) < cos a < cos(f—¥)
iR oEEaXCOHLE

cos ¥ = cos acos 3+ sin asin fcos ¢

[F A —1<cos < 1,sina,sin >0
i LA cos 7 << cos acos B+ sin asin f=cos(a — )
H cos ¥ == cos acos 3— sin asin f=cos(a + )
BT LA cos(a+ ) << cos y << cos(a— )

[ 2

cos(a+7) < cos B < cos(a—7)
cos(B+7) < cos a < cos(B— )
ootk X (2. 3) B IE B AT A
a—pB<y<atp
a—y<<pf<atvy
HEBat+p>7:ptr>asrta> B HHKX
(2.3) MFESPESS IR IR AL TIE5E.
3. <0, +6,+08 <3=x 2.7
iERl  WwE 2.3, P RH=MMS-ABC
WNiEF#E—4,.PE | W SAB,PF | 1 SBC,
PD | 1 SAC, fE EG | SA.DG | SA %,
.= /DKF ,§,= /EGD ,0,=/EHF
H V- P A RE B
0.+ /DPF =x,0,+ /DPE ==
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6, + L/ EPF =x
FL 0, + 6, + 0, =3x — (/ DPF + /DPE + /EPF)
H& P-DEF & =T, LA
0 < /DPF + /DPE + /EPF < 2z
RA LKA (2. 7) . JEEE.
4. (MY B— AN =ZHAK =AW A HNH ol By, W

sin%+sin-§>sin% (2.8)
iERR #A=MHM S-ABC H, A¥ji&k SA =SB=SC =1,/ASB =a,
L ASC =B,LBSC=7,EB%?K%&?&AB=25in%,BC=Zsing,AC=Zsin L
= ANABC ¥, AB + BC > AC 1§
sin%+sin4§—>sin—g—
HEEE.
5. (Hig B B—A =T MK =1 MA 258 .67, 0
sin @ + sin B> sin ¥ 2.9)

ER B SEAOERE <o+ p<2m,0< |a—B|< 7.ﬁu%<
ai[_?<m

M %Yo<atp<nbt,0<T <‘—'—13 x 0L

2’
sm—£>51 %> ,cos%g=cos

a—Bl_ ¥y _- =
“blor<x,

a—_‘@|>cosl>0,|ﬂilﬂ11§

sin ‘%@cos —2@ > sin —2—cos L B sin -+ sin B> siny

@) % x<a+p<2nif. ] <—§<n.‘FE1TEBﬂ s —/3> L wmn

n—‘%@<§.mua+ﬁ+r>zn<%;§>,ﬂ —2F8 L e (0,%). pitk

sin’(n;%g)> sin% > 0,8 sina—zg> sin%>0

a—p ) ks )
2 ’<2<2,FﬁU.cos

XEHK 0 < ‘%@|>cosg>o, By
cosa—;—-@>cos%>0.
F & .15 sin a——ztgcos ‘%ﬁ > sin —;—cos %,ED sin o + sin > sin 7.
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Inequality in the Tetrahedron

LG4 ) (2) ,fBSiE.
6. (B XMB) H—AN=HAMN=ZDEMA o By I =N _HEHA N0, 6,

6, »
sin §, + sin §; >> sin 6, (2.10)

ER Wz EREERS

cos @ — cOs f3cos
cos @, = B A

sin @sin ¥

2

cos a — cos fcos 7)

s2p 12 1
sin“g, =1 —cos*f, =1 ( sin fin 7

(sin Bsin y) * — (cos a — cos feos y)* _
(sin Bsin ¥)*
(sin Bsin y — cos a + cos Beos y) (sin Bsin ¥ + cos a — cos fcos ¥) _
(sin Bsin 7)*
[cos(B—¥) —cos a][cos a—cos(B+y)] _
(sin Bsin )* '
a+g+ysinﬁ+y_asina+y_ﬁsina+ﬁ_y

4sin 2 5 5

(sin Bsin ¥)*
2,\/sina+g+7sinﬁ+g—asina+g_Bsina+g_y
FrLA sin 6, = =
sin f3sin ¥

A2 sina+g+ysinﬂ+7_asina+7_ﬁsina+g_y =k, sin §, =

2 2

ko WMTF R ETFafy RAFREY, 7 BT

sin Bsin ¥’

n @, = k

sin @, = == -
P sin agsin 3

—————,sl
sin gsin ¥y

Sin asl

i X (2. 9) Al sin @ + sin g > sin )',Z-Ex%;‘riﬁﬁiillf_r‘]iéu.—#.—,@
n fBsin y

£ k k . 2 .
sin fBsin ¥ v sin gsin ¥ = sin gsin B’ B sin @, + sin 3 > sin 6,

7.- iﬁ*’l\zﬁfﬁﬁgi/\ﬁﬁ a,ﬂ,YEfoJ'BgEA&Eﬁ’Qr,,rp,t,,mll
et Bt @2.11)

sinz, sinzg  singz,

i\ mkeE.A

1  sina 1 _ sinf 1 _ siny

sinz, P(S) "sin 7, P(S) sint, PS)
A (2.9) ,F sin a+ sin B> sin 7.
| 11




s ——+-1 > 1 e

sinz, SNty sin 7,
8. B=MM S-ABC =AW Ha =p=r=73 HNK—RIFLSP 5

EAHEIRE AN @0 @00y M
sin @, + sin ¢ + sin ¢, < 1 (2.12)

BHMY o =g =¢, HRFS.
ER BB 4R EMALRR, WEEMEEK AAAA,. &
A10,0,1) 14, (Z,0,0) oA, (L Y8 0) A (-2, - 0). m P g

AAAA RIE—8, HEALKER (x,y,2). A PRELCRELEN
(a:b:c:d)ﬂ2a=1.

& 2.4
B Mk Ay A, A A, R TE DY EA B 1, P eIk A, A A A, A3E,
ﬁ)fU.a,b.C.d>O Ea’b9C9d%£uﬁ§P§uﬂuEf (1—1 2 3 4)B’JEE% m"ﬁ

\[—(Zb c—d),y= J_(c—d).z—a

T AP—{—_ V@b—c—d)*+3 (c—d)*+8(@@—1)°

Zﬁﬁiﬁ a=0,m

_btc+d_ 22 <1
|A\P| /S @b—c—D F3—D 8

sin @, + sin @z + sin ¢, =

MHAY b=c=d——,E|] P = g = @, BT IEES . JEEE,

9", =T S-ABC I=/1EfAHNa =p=y=§.ﬁma@—%ﬁa‘é& SP &5
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Inequality in the Tetrahedron

EAE%&H‘J%% sougaﬁvgoy»ﬁl'l
sin’ g, + sin’ gy + sin’ @, > % (2.13)

HHMNE ¢ =g =, HREFS.
iER Wl 2.4 Bian. B (2. 12) BER AT
2 -2 -2 _b2+02+d2_ 8(b2+L'2+d2)
f=sintg, dsin gyt s e = e T e~ ) t 3D T8
(HHI#E B H (Lagrange) ’F35) EE . F=f+A0b+c+d—1) ,He b,
Cyd20,6+(+d=1cﬂ:ﬁ

Fo= 166 R+ I+ G—c—d) 1i=o0
YT @ —c—d)*+3(c—d)?+8 [(Cb—c—d) +3(c—d)?+8]*

F o= 16¢ R A+E+L) (—b+2k—d) 4a=0

I @) PH3(c—d)P+8 [(b—c—d)*+3(c—d)?+8]?

o 16d R+ E+d) (—b—c+2d) +a=0
T @—c—d P +3—d)P+8 [2—c—d) +3(c—d)?+8]°

b+c+d=1

Fo_p — 20— ®btct+d+2) btctd—2) _
' ‘ [@b—c—d)?+3 (c—d)?+8]7
6(b—c)
[@2b—c—d)?*+3(c—d)*+8]°?
Fo_f - _2—d)Gtetd+2) (b+ctd—2) _
! ‘ [(@b—c—d)*+3(c—d)?+8]"

=0

<

6(c—d) _ -0
[Cb—c—d)? +3(c—d):+8]°
. _ Ee 111 101 Iy_1 .
HRE btotd=1 ATIAE—BES (550 ) B S50 305) =5 EAR
s s oa 8( +d°) 4(c+d)? _
£ - RERE= 0= 1.f Ctd +3Gc—D T8 dctd’+8

5 BEEL S =5 8 f > . .

H AT R (2. 14) .

10°. R=MM S-ABC M=AMMAN o =p=r="7, LA —KI L SP
H5=1HETBRBFAN 00800, M

cos® g, + cos’ g, + cos’p, < = 2.14)

1. =M S-ABC =AW M Ha=p=y="7  HAEE—KIL SP

=AM AN @000, SP 5 =% SA,SB,SC i WIfAN gasres>
13



®c ﬁl’]

ool

cos @a + cos gp + cos gr < (cos ¢, + cos @, + cos ¢,) <6

(2.15)
iERA il 2.5 FiR.fE PH | ¥ SBC T4 H.
WESL I =mAAsR A
cos gp =cos/ HSEcos g,
cos gc =cos/ HSFcos ¢,
Bt LA cos @p + cos ¢c =cos ¢,(cos/ HSE + cos/ HSF) =

L HSE —I—AHSFCQS /. HSE — / HSF <

2cos ¢,cos 3 7 <

2cos @, cos % =4/3 cos @y

[&] # cos @4 + cos gp < /3 cos . 5COS @a T+ COS @c < /3 cos ©s
VA b =3AE g

cos ga + cos g + cos g <J7§(cos ¢, + cos gy + cos ¢,)

HHb cos @, + cos gz + cos @, < /3(cos’g, + cos’ g, + cos’e,) < 24/2. JEEE.
P. (7 ¢ P @

A 2.5

12°. B=MM S-ABC M=AHMANK « =p=7=7 AAEE—KIL
SP 5=AMEFF KN ¢ur0sr0,+SP 5 =2%# SA,SB,SC Fi st gas
(7} ’¢Cvmu

cos’ ga + cos’ gy + cos’ g < %(0052 @. T cos’ gy +cos’p,) <2 (2.16)
iERA A 2.5 Fin, BESLEILAR=mAARX. A

cos ¢p = cos/ HSE cos ¢,

14
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Inequality in the Tetrahedron

cos gc =cos/HSFcos ¢,
FRLA  cos’gp + cos’ pc = cos’ @, (cos’ / HSE + cos’ / HSF) =

%coszgoy(z + cos 2/ HSE + cos 2/ HSF) =

%coszfp,EZ + 2cos(/ HSE + / HSF)
cos(/ HSE — /HSF)] <

1 3
?coszga,(Z + 2cos —g—) =7coszgo7

FIHE  cos’ga + cos’pp < % cos” g, »cos’ pa + cos’ e < % cos’ g
A b =0 AT AT 45
| cos’n + cos + cos’pe < -(costp, + cos’ g, + cos’p,) < 2
HL 518 .
13*. B=M M S-ABC =AW Ko —p=y =" HNIER— K% SP
5= %M SA,SB,SC FrMIMHN oasensec M

sin’ga + sin’ @g + singc > 1 (2.17)
14° . B =T S—ABC I =N E i N e =p=y=§,;¢miﬁ—§§m SP

SEAEFTRIH N ¢u 10000y, SP 5 =5 SA,SB,SC FFHHIFH oarpss
goc:,ﬂl'l

sin @, + sin gz+ sin @, < Jg(sin @A+ sin g + sin @c) (2.18)

WERR  Wnf& 2. 6 N fF PE | 1 ASC,PF |
V& ASB,PH | SA,W| /PSA =¢x,/PSE =¢,,
ZPSF =g, T2

sin ¢, =sin g sin/ PHE
sin ¢, =sin g,sin/ PHF
B LA
sin ¢, + sin ¢, =sin @, (sin/ PHE + sin/PHF) =

ZPHE + /PHF
2

cos ZPHE ; L/ PHF

2sin @, sin

<

15



Z/EHF _2J3

Zsin @, sin 7 Tsin @A

sin g ,sin g, + sin @, << Msin @c.

_ . . 24/3
[@] 2 sin @, + sin gy < V3 3

3
¥ = A hn AT 45
sin @, 1 sin @ + sin @, << ?(sm @a T+ sin @g + sin @c)
HEEE.
A, 17, sin @a F sin g + sin @ >./3.

2. oat ot @c= 3arcsing.

2.2 DYt P i b DY A
— R DY A BB BT i ) £

1. A AN mHAZMKT 2n.
iE BA oW mE R AAAA ML AA AR ZmEMAN
0,1 <i<j<4),HXQCTDHMEZFEMA -A,AA K0, +0+060, >,
BHESieEATHR=EAZMEMA MG
2012 + 013 + 014 + 0oz + 020 + 03) > 4x
[ iz + 613 + 014 + 0o + 02 + 01 > 2x (2.19)
HEEE. .
2. (1980 4F B A — B 22D % F 74 1 4 o8 30 AR B — a5 I SR & R A 5K
AZMKTF 3.
ER  ®R OFEMEEABCD WAHR . P R/AREZL DO 5F @ ABC 1)
ZHL.QFRRNHEL BP 51 AC 32 & H=HAHE. &
Z/AOB + /AOC = /AOB + /AOQ + /QOC > /BOQ + /QOC =
/BOP + /POQ + /QOC > /BOP + /POC =
x— /BOD + x — /COD
M ZAOB + /£ AOC + /BOD + /COD > 2x
[Fi] 23 ~/AOB + /BOC + /AOD + /COD > 2x
~/AOC + /BOC + /AOD + /BOD > 2x
¥ ER=AAREXAINEEL 2, BB EIEA45 8. IELE.
3. WM AAAA B, UL fi.f, ME KM @ AN
16
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Inequality in the Tetrahedron

0, A<i<<j<4),M
2n < O + 615 + 014 + Oz + 024 + 03 < 3x (2.20)
E RXREMUEAHAEFRX. BROFMEEA AAA, HE—&,d34 O
F&ME £ FER,EEAHHIBA<i<D,ide; =/BOB,A<i<;j<
4,0 0; =n—a; ,IFEATLAES O K3 2 WE K B, B, B;B, H— s, F&
012 + 013 + 014 + O2s + Gos + 03 =
b6 — (a12 +a1s T a1 T @23 +aze +as) << 6w — 3n=3n
4°. '& O%]@EWAlAzA:aAa W%ﬁﬁﬁ—,ﬁwﬂ aj =4A.‘OA,‘(1 <<
I<H
3n << aiz taiz +au +as tau tan < 4dn (2.21)
R ATSAEFEEETOA, A <i<<4),iX A AL Y i 4
ALALALAGBREAZEHAN 6, A<i<j <4 W a; =n—0; , HAERX
(2.20) ATARENX (2. 21) . iEE.
5. (1982 4 F5 1) 7E 1 1hj A A FAE B — 0 M, GE B« i M XoF 1P T K 4% 1 5K £

BARKLHE —FATF —
MBS M% T ME K ABCD % B
B WREIKRT — . MBILTE ALB.C,

D 43 5| # 5t 2 MA ,MB ,MC ,MD #% 3}y, 5 51 5§
2R 18] Y e f I A BCAE. Rt A 5 5 1 TR 4 45 T
HEIMMBEEAMESEALST 1, A& m ABC
BB A M BE e, B AD E# AD,BD,CD
PRKN. dEA M3 ELEH THEABC,HER
% FESE DL ffif8 MD, =1 H§4 MD, 5
ABC A% (& 2. 7). FHEIEM AD, < AD.

% AD, > AD, Il AD, > BD,AD, > CD. A%} MA =MB =MC, i I
X =REBAEVH ABC EWHEM%. TR-HA AD,=BD,=CD,,BD, > BD,
CD, >CD. it 4B DD, f¥y S/E® E DD, #F1H ~. B MD =MD, ,ff i M
EEmH ~ F.

XEHK AD, > AD ,Filii A5 D ¥ |~ B9FEM. XHE % BD, > BD,
CD, > CD,frh& A,B,C,D #RFEF 1 ~ R, AT M AZEFHi~ b, FE.
XEW,AD, < AD. T £

1

cos/AMD, = cos /AMD >— 3 (2.22)

ﬁy‘]ADl =BD, =CD, ,F)TL‘J. M%?EEWABC& B‘J%ﬁﬂ‘ﬁlﬁﬁ%’%?ﬁ
17




AT —g. 3% i ABC 2 P4k ABCD o &5 M 538 W i » 7 LA o A M

511 ABC LK MO, KB MO A2 KA M. 41n, iR MO & i il i
BCD J5 %3k ABC, 3§ 4 4 M E| & BCD B8 tb 2| i ABC B RS/, F & .
B, S OR AABC S0 HEML FRA=AEHN X RM, AABC ZHA =
. i LAMD, =a, MH

—%<cosa<0

A 1 sina>,\/§

H X AO & AABC s 42, Fr LA
AO =MA - sin/AMO =1 » sin/AMD, =sin a
&% AB £ AABC FE KB, 060° < LACB < 90°, F i IE 5% € #118

AB =2sin a + sin/ ACB > 2 J_2§_ . /% = /%

cos/ AMB ~>— %

LN

Fir LA ph 4R 5% 5E 2, 18
1

AB? =2 — 2cos /AMB < 2—2 « (—3)=_

X SHE AB >[5 P .

6°. ¥ MENE#E ABCD WiE—& M =MHf A-BCD EHAZMAK -
F =i fs M-BCD % T fi Z #.
iERl HEMERELE . Fling MEKRAB £ (& 2.8) 4§ ME // AD & BD
F A EfE MF J/ AC & BC T4 F,# CD F{EB— 4 G, 845 GM ,GE ,GF . th
—HEMANERE
~/CMD + /BMC + /BMD =(/EMB + /DMG) + (/EMB + /DMG) +
. ' /BME + /BMF >
/EMG + /FMG + /BME + /BMF >
~/ EMF + /BME + /BMF =
/CAD + /BAC + /BAD
245 M AE DY T A& PN SR T e (B 2. 9), BEK CM R ABD F & E B4
DE 3H3#EK3E AB F & F, B4 BE,CF, 1 k%5 .15
/BMC + /BMD + /CMD > /BEC + /BED + /CED >

18
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Inequality in the Tetrahedron

/BFC+ /BFD + /CFD > /BAC+ /BAD + /CAD
A

& 2.8 A 2.9

., ﬁOﬁEE%AlAzAsfh li]&ﬁ—.é‘\,ia LA.‘OA, =G.‘j(1 <I<J<
4)
> cosa; <0 (2.23)

1<i<j<4
— >

iEBA Exﬁﬁrﬁjﬁe.:l%_ﬁé—l(i:l,z,s,u,&Mﬂﬁe,u:l,z,s,@
M2 S H B U ET iRl By B, Bs B, AR O N WK A, A, A Ay HAERE— 8B
WA e ﬁgﬁ[iﬁ’]g—el —%SFE‘ B;B;B, &‘Jﬁ}i& AB,B;B, P’i»#tﬂﬁﬁ P’%fg
Q=—e (e, +e+e)=—e€ ~u= |u|c050
(K':P u=e, +e +e, j‘]:@f‘t /A\B;B;B, %i‘t‘m#mﬁvHZ(—ex’u>)-
AR, Y 0K, Qi/N. WK PTE AB,BB, B, ikl —e He,
o\ e, 8% e, B ,0 BAK. A —e =e,
Q=—e, +» (e;+e;+e)=14e, +e;+e e, >e, »e;+e e +e; e

HEF cosa; =€, 6, 1 <i<<;j<4).H 2 cos a; < 0. jEEE.

1<i< <4
8. Mk AL AAA, BN AN 0, 1 <<i<<j<4),l
D, cosfy; >0 (2.24)
1<i<j<4

iERR  ZEMERALAAA WAEBR— & P, 2t P ) Y 4 i ) i 4 50 4
%&,ERLDHHNB, B, BB, . 5 A, 5 P{EF1H B, B; B, ®) R %, T LA P1E
PO #Eif& B,B,B;B, W»it /B:PB;=a; A <i<j<4),M0,=n—a; fRKARX
(2.23) ,BpAr 15K (2. 24) . iEEE.

9*. WO NN KA A AA HEBE—E I8 LAOA, =¢; 1 <i<j<
4),

cos? 'izL <3 (2.25)

1<i<j<4

19



ik AR Z cosz%’= 2

1 1
- (Fcosa)=3+5 > cosay <3.

1<i<|j<4 1<i<j<4 1<i< <4
UEEE.
10", BMEE A AAA WBERN_HEMAROA<i<; <4,
> cost B> (2. 26)
1<e<)<4
ZH Y o= 3 latcost=3+3 ) cost, >3
I<i<j<4 2 1<i<j<4 2 2 I<i<j<4

TR EA%ER (2.23) B9—/ .
117, W& AAAA BBK e, = |AA; | 1 <i<; <4, /M ERR
O AE DY T AR 9B, AhEEER 2N R,
2R >, af (2.27)

1<i<j<4

Eaﬂ ﬁéA,OA}=a,l(l<l<]<4),E AA,OA} ':P,*ECOSQ,-,-=
2 —a?
2R2R2 Lo AR (2. 23) BIENTER (2. 27) . i .

mx(2.27),4.7),H:
12. MUK ALAAA, BBERK a; = |AiAj l A <i<j<<4), M ERRBRL
EH AR, A ERREE R R,
12R* < D) a% < 16R? (2.28)

13°. PEE AAAA BBE 0y = |AA, | (1 <i<j<4) 5hEHRR
& O ZEF B SMEIR B2 R,

6R<< D) a; <4/6R (2.29)

1<i<j<4

iR % OA, = Re,(H e Jy By #,i = 1,2,3,4), W a; =
| OA” — OA | . N E{k A, A, A A, WETFER O, Bl 2R > a, , T4 2Ra,; =
2R| OA, — OA, | > (OA; — OA,) . 3B cos a; =e, + ¢, X FRRA, 78
2R > a,=2R 3 |OA,—O&,|> 5 (0A,—0A)*=

1<i<j<4 1<i<j<<4 1<i<j<4

_——12R*=2R* D] cosay

) 1<i< <4
B OFENHE KA A AA B R (2.23) 8 D) cos ay < 0,F7LL
1<i<<j<4
2R D) a; > 12R?

I<i<<4

] 2 a; > 6R

I<i<j<4

XHAA. 7)) RFRFHYAER A

20
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Inequality in the Tetrahedron

e, <6 S )7 < (6-16RD* —4/6R

14, WHEAE A A AA ER_HMA R, 1 <i<; <D UMNTHEE
TR A <i<) RAIAERX
Ex,z— =2 E z,x;cos 0 , (2. 30)
=

I<i<yj<4

ﬁEHﬂ iﬁ@ﬁﬁ‘ A A AA, ﬁﬂlﬂﬁfi@ﬁﬁfﬁﬁﬁﬂﬁﬁﬁﬂﬁ E1:82+83+,84 ,UI'J
ﬁ<85v8j> =1t_01,' (l < 2<] <4) v%lﬁ
| 2181 + 228: + 2085 + 2084 |° 221‘? +2 Z z:x;(8; » 8;)=

1<i<j<4

4

ZI,Z-+2 2 x,x ;cos{E;+&;) =
i=1 1<i<j<4

4

Zx?—z zxjcos f; =0
=1 <i<j<4

R 1.26) J .Y 2.5 S, BB 55 B
JGUE 48 s - FE R ATTSEBR EAERA T -
We RMUEKA A AA WTE £ SN BRAE M E .S 2 f(=1,2,3,4)
1 T AR,
Sie, + S:e;, + S;e5 +S.g, =0
HX(2.30)F,4 2, =10 <i< ) . EA4AREKRC.24) .18
15, WIHE&E A A AA, FIERN _ZHANG, 1 <i<j<<4),0

0<< D) cosf; <2 (2.31)

i 0, BB FIUREA — LA RS, T8
16, BIE K A A A A, BTN — TN 6, (1 <i<j<4) ¥hEf.
il

I] coso; < 3% (2.32)

I1<i< <4

HJE%//_\\E:QCOSO;,-ZZCOSZ%‘L—l,ﬁ/\iﬁ:(z.Bl)sﬁT?@:
17, #MUEE A AAA, REEN_HAR0, A <i<j<4),0

3< E cos® i\ (2.33)

=1 — sin® %Jﬁ/\iﬁ(& 33) , 775
21



18. RIWE A A1 A, A A N ZHAR O A <i<j<4), 0

2< 3 sl (2. 34)

1<i<j<4

19. (g —) & MNUEE A AAA WIER _HANG A< i<j<4),
M FAEBIETEE «. (1 <i<4) RaaA%ERX

1 2 ;
Z b smzﬁ,-,-gg(gx?) (2.35)

1<i <4

ﬁ*%%ﬁﬂﬁﬁm(l < <j<4) BIHFEE L.

iiF BF Hﬂlﬂﬁ%ﬁ]‘%%ﬂfﬂﬂﬁ?#iﬁ 5
ZScosﬁ) (Errcoe())(lz z)

i=Tji i=1.j# xi
S
S x
B 2 zix? cos®f, — = 21?
o B >
2 2 2
j=1.j#iLiLj j

Bt i =1,2,3,4, 552 BLOCSHAH S MR € p= ) 2

b3 4 ASAREER LA WS 5 AR 0 e B BRI P A S A5

2 2
1 4 S_lz 4 (%_P)+P
2 Z xizx? cos?f; 2 41‘ Z_If:Z_'—Z_xj:
1<i<j <4 i=1 Z §J_ i=1 p— S_-Z
‘,=1.j¢i15 L.
4 4 4
pz b ot 2_214:
=1 P i =1
i
1 4 Sz 4 -, 4
S ! t - 4
?;(p xf); _ St ;I =
p 7
X
—(Z N —Zr (2. 36)

'{%cot, 0, =1—sin’0; A HARA LXK, BH,5
Z xix? sin®f,; < ? (;r?)z

(2. 36) B — RS A K AN 38— A X% 5
R AL (p— 5) G =1.2.3.0 HH%. HER ©.35) FBRE

22
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Inequality in the Tetrahedron

Mﬁw-#%@fﬁ%%ﬁa i< j < 4) B EE,

20, BEMUEE A AAA BN AR 0, 1 <i<j<4b,WxXTIE
BAEZTLH . A < i< 4) BAaIAER
> zux;sin 6, gﬁ}b:? (2.37)

1<i<j<4

YHANY 2, =z, =23 =4, H Y HEA K IE /Y i &6 BREES.
iERl BB FEHAER.A

( 2 xixjsinﬁ,-,-)2<6 2 xix? sin’f,
1<i<j<4 1<i< <4
RARK (2. 35) ,BIrT 15K (2. 37).
&it(z 35) EP,? Ty =" =Ty =1»ﬂﬂﬁfﬁ

21. WA A A AA, BIER AN 0, 1 <i<j <4,

> sintg, <22 (2.38)
1<i<j<4
#XQ.3DH, &z =-=z,=1,U7]15:
22. WA AL AAA BN Z—HMAR 0, A<i<j <40
>3 sin 6y <442 (2.39)
1<i<j<4
23. WINEK A1AAA, Hﬁiﬁﬁﬂ“?ﬁiﬁﬁ 0,-,- A<i<j<d .,
H sin 0; << (2. 40)
1<a< <4
24" . RN EE A AAA, B‘Jlﬁlﬁliﬁﬁﬂﬂ 0, A <<i<<j<4),N
>0 tanzezi>3 (2.41)
1<i< j<d
iER S f(x)———E(—l 1) B8 R B ok ek 85, T2
1_l 2 cos 0,‘,‘
1<i<i<a 1<i<j<4 i 14+ — cos 6
6 l<§<4
1—+ .2
6 - — =8
1 e 3

HEEE,
25. ® O A WK AAAA WIEE— &, i LAOA, =
@ A<i<j<a,m
23



Z XX sma,g«/-z.r (2.42)

1<i<j<4

ER DA AEFEEETOA (1 <i<<4) ,3X P94 AL ik
ALALAGA GBRERCTHEHARG, A<i<;j<b, M0, =n—a; RAFRE
K (2.37) BIA] A% (2. 42).

R AR 2. 42) FTER 4 BUEBIBRTHAE 1993 442 HH B9 — A8 .

26", WO HMUEE A AAA AHEE—SROBKAA KWERN

ra(1<i<ji<4),|O0A|=RA<Li<4) . & LAOA; = —’2‘—<1<i<
j<4)9mu
4
R D o (2.43)
i=1 1<i<j<4

B B R AAOA; Wl LAOA, B &K M L; <VRR, cosT,

H oay 2%,15 sin%L}\/z—,F)fU sin aq; = 2sin —chos—ZL > /2 cos 12'1,/7.\ Ty =

4

VREA<i<®, RAR (2.35 78 Z VR /Rjeos & < DR, #

I<i<< =1

ZR,-> lijiﬁﬁ@] T <li,”lﬁllt

JiE .
2.3 DY A TR S

2.3.1 HZ5er

1968 4F, P. Bartos # it X T n 4EHIE TRl ML . QR E" Flyn 4EH
el rep s ren WIKE QB n+ 1 ANREERBENENE,S
D; =det(e; s **yei1 €1 5" s€,11) (2.44)
W48 o, =arcsin | D, | & X0 BB TE B 56 ¢ A 518 B B9 TS AL
MIXAE L&, Bartos #1371 n 4 HIE 19 IE 5% € BLA 5 IE 7% A R E A
ARXAVREAn SR Q WER V. BRQWE  AFREM 2 — 1 4HER,
Bartos yiFB] T
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Inequality in the Tetrahedron

VZ% [(n—1)1 ViV Vi V,isin @, ] 7 (2.45)

R 501 b, X DO T AR K B 5 B ey e v es v S AN T [ A B BRLAE 9K 1) B 4
D, =det(e; .e;,e,) ,D, =det(e, ye;5,e,)
D; =det(e, ,e; ;) D, =det(e; ye;,€3)
W] a; = arcsin | D; | B 2y it 70 T8 44 49 55 ¢ /4000 BT Xof IO F) TOL A 4
BEE A AAA EBRV EEAY S.Ad<i<4) , 0

V=%«/ZSZSBS4sin p =%«/ZS[SSS4sin o

%\/zsl S.5.5in o =% 58,5, 5,50 24 (2. 46)

2.3.2 MH

LA A A A A BIETRR AR o AEBERAWE £, f; FTRKA =
ARG, X x, (1< i<4) RWERIELE, N

zixixl sinfay + xixixl sin®a, + xixial sinfe; + xixixd sinfe, <

% (1<;<4I?15 sin’6,; ) L -21—7 (Z;z,z) ’ (2.47)
% L) =Tz = X3 =Xy ,EEW%JEEWNW%%

iERR AR AVAAA T A Brxt a9 i £ f B AL 8 1 &R
e, (i=1,2,3,4) ,1U

e.re,=—cosf; (A<i<j<4d)

HFMEH (e e.qe;.e ) BIBH 3, NI B (z,e 2.0, 7565 ,2,€, ) FHFRA
2 3, e R A K Gram &R

- 4 —
G—(I,'Ije,‘ < e,‘) ij=1"—"

x5 — 17208 Oy — 113608 B3 = T174 cOS B
— x1x,¢08 O12 x5 — xx3€08 B33 — xTox,c0S O34
— xyx3¢08 013 — x2x3C08 O3 3 — x3x4€08 O34
— Z1x24€08 01y — TpL4c08 B3¢ — T3x4COS B34 al

G R¥IEEMLEXMFHRER, B G BN 3.G HIFE BN
pQ)=|AE—G|=0
L E BB s 48 B ) RN
pA)=2* —c1A} + A’ — A + ¢, =0 (2.48)
HHRGRFEEHEXNHRERE, TUAFTRQC. 48 F =1 ER, —1FR,
WA £ 0B, (2. 48) ATfk R
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A=At —c; =0 (2.49)
B R GCGHA—MEFRZH, B

o=z} (2.50)
o & G WA B EFXZH, B
Z xiz? sinf; (2.51)

s &G H‘Jﬂfﬁfmji%itZﬁ ) ED

c; =xjxizl sin’a, + xizxizl sin*a; + xizix] sin’a; +xizxixl sin’a,
(2.52)

o %% 52 57 A 2 A5 2

1

1
L4 )¢ c3\ 7
c = (cg) = (cg) (2.53)
“:’]Qgﬁﬁg AlAzAsAA %EE@WN,E@ sin (9,)- =¥(1 <1<] <4) s

Hzx =x,=x;,=x, H_‘j”it(z- 47) EX%J% T‘«IEEIlé
2. &@ﬁ%AlAzAaA:a E‘Jiﬁlﬁ)ﬁﬁﬁa.-,ri(l < z < 4) ?@JE%IE%#LWJ

. - ., . 1
TXoXL3z Xy szal _+_.1'1.T3.r4 Sin a; +.1"1.Iz.1'4 Sin a3 +I11213 Sln2a4 < ’277' (ZI,)

(2.54)
AEXCADH BT ZHMA, Bl Y 2, =2, =z, =z, =18, f:
3. &Eﬂﬁﬁi A1A2A3A4 E‘J%Dﬁ)ﬁﬁjﬂ a.-,Dl'J

4 3 .
3 sinfa; < (%) (2. 55)

ER 2. 47) PEEH#HR 2, > V/2,S.(=1,2,3,4) iz IR (2.46) . :

4, WE KA A AA, EBAV MEEHRE S, . 1 <i<4) AER
1E SE %,

7 4

3—‘/4 (x2x37,4 ‘+‘1'11'314 +111’21’4 +-l”11213) EI;S,?)B (2.56)

ztfx(z. 56) PEESH ;> 2,57 (=1,2,3,4) K :

9. ﬁm—[ﬁﬁiAxAzAs/h B‘Jflﬁﬂﬂﬂ Vs{ﬂ“ﬁﬁ_jﬁy‘] Sial'i(l < i < 4) y‘]ﬁ’:ﬁ
1ESE%,

4 4
—V (23248 + 2123208} + 21222483 + 212225 S0) Z )ZHS?

=

(2.57)
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Inequality in the Tetrahedron

ZEB:(Z 57)'1:' mll'—fz =x;=x;=1, 1%
6. WIUEER A AAA, WEF RV MEEAR S A<i<) 0

V‘(SZ+SZ+SZ+SZ)< ]‘[52 (2.58)

xf 3K (2. 58>$1J}$m7k L FHEARER, A -
7. BUEE A AAA BEBER V IIEEHEN S A <i<) 0 -

NG PR
V< (‘é—:) I st (2.59)
i=1

HHMNYMUEE A A A A, K IE DA %5 L.
X (12.18) #, U E 4K B, B,B; B, i 1E M E kK, W sin g, =sin g, =

sin 85 =sin B, =4—‘§.BIUEILM§¥IJ=

8-&@@% A1A2A3A4 B‘Jﬁiﬁjﬂ V,Tﬁi).’—iﬁﬁ‘ﬂlljg ai(izl)293y4’) Vi >
0(i=1,2,3,4) , WA

lZﬁ(ylyzygsin as + y1y:¥s81n a3 + ¥y y3ys8in ax + y2 y3yisin @y ) <

(2»)3 (2. 60)

Eﬁ(z 60) #,4 v, ==xz,5;(x; >0,i=1,2,3,4) ,15:
9. &mﬁiﬁ:AlAzAaA:t W{*ﬂﬁvsﬁﬂﬁﬁﬁﬁ Siyx: (1 < t g 4) jg‘iﬁ
ESE%

543V (xyxsxs + 21257, + 117074 +x,.rg:c3 (Zx S )

(2.61)

R Q@A P EES 2, > V2. S:.(=1,2,3,4) ,FIHR 2. 46) , A .
10. UMK A AAA, BEBERV,MEEER S EEWRDMUE £ . f
FRBA—EHARG, QA <i<j<4),Xz,(Q<i<4) HEBEFELEHE N

3t , 3
SV (azyzy F2izsziF mmxe F 1xazs) P < (D) xex;SiSE sin’e;)

2! 1<i<i<4
(2.62)
Ja MEARX QAT W—P AL RIS H T 1458,

11" O AMEEA AAA HE—& . SR OFESMmMELS,ELS
%% B, ,B,,B;s,B,. &WE &K A1 A, A Ay, By B, B: B, BIKFS 318V, V',
=V
MW 4 OB, =r,0B, =r,,OB, =ry,0B, =rsVy = Vs n5 Vs =

27
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VOBIBBB4 WV :V(JBleB‘ Vi =V0313233 MV, +V, +V,+V, =V'. H
V] e

—r\r3rysin a;

6

_rzr3r43in a) sz =

6

V=

—riryrysin sV, = %r, rarysin ay (2.64)

6
Hea,(:=1,2,3,4) BMEE A A AA, B4R A AL

#RXQC.54) Pz, =Sr. 1=1,2,3,4)18
[(rarsrysinay) « (S;S;Sssinay )+ (rirsrysinay) » (S,S;S;sin a;) +

(ryryrysin az) » (stzS4Sin a3;)+ (rirarysinay) » (SlSZSSSin as) ]—;- <

1 4
—3—;)5,15 (2. 65)

FIA (2. 46) FI(2. 64) &ZS;?’; =3V,18X(2.65) B

1
Oy Oy Oy A\t L
(6V2 » V2 +6V2 « SV2H6Vy o V246V, - V)T < 2 @V)
B Vi+ Ve + ViV, < 5V

FFLL V' <%V. EEE.

28
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Inequality in the Tetrahedron

15 Ko VY vy A AAC B A0 i AR AT G AR AR X

| 1

gl

L Z#EENEES EERARBKZAMKTFEAEZEK
i 2 5.
iE HE=AEPHR“EEMAZMARTFE=H"F
ap tay tay +an +an > (a3 +aw) + (@ +az) >
az + ayu =2as
oA ) W] E. JiE .
2. AR R M 2 A A, B — A 00 T Y T R /DS T 3 A 00 T A
HRZ AL 3.1
A R SE A TLART o 4 5 5 1 AR =X AT HE R 4] -
3. A A, A =0 i i RR R A KT S A v
i 2.
4° . % P2 MHE A& ABCD Wil (F8) EE—,0
SAAB(‘ + SAA('D _+_ SAADB 2 SAI’BC + SAPCD + SAPDB

(3.2)
MR W 3.1 FR, A P ¥
Y EP | -1 BCD %M & (R %
®)YACD T4 E Bt45 EB,EC. Bk 4
DE } K32 AC F £ F, A \
\\ D
B \
(&
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Sansc + Saaco + Saaos = Saesp + Sarsc + Sarp =
(Sarse + Sarse + Sarec) + Samsp + Sapn =
Saesc + Sppep + Sars =
Sarsc + Sarco + Saros
5.% P ZWMH Ak ABCD PWafim (FHe) FAE— N

‘%S < Saras + Sarac + Sarap + Sarsc + Sarsp + Sarcp < %S (3.3)

MERR il 3.1 Fras, A
Sarsc + Sarsp + Sarco = Sapco sSarac + Saeap + Sarep > Spaco
Saras + Sarsp + Sarap = Saasp »Saras + Sarsc + Sarac > Sassc
Vo AR o, % 28 A] 45 2 A S L
MRG.2)H
Saasc + Sasco + Saas = Sarsc + Sarco + Saros
Samc + Sanco + Samap == Sarac + Sarco + Saran
Sacas + Sacap + Sacsp = Saras + Sarap + Saros
Sapas + Sapac + Sapsc = Saras + Sarac + Sarsc
UENKXEZH -1 RES , FUXHEmMERTEANAFRX IEE.
6. % M Rk ABCD # AD fh &, 0

L %(SMC + Saac)  (B.4)

iER A 3.2 ffs,ad A AWML D 4 5I4E BC
Lk AE ,MF ,DK % BC ¥ 5 E,.F, K.l ME
AD #y i &5, Bl F % EK B &, Bl FM =

%(ﬁ+f5) ik

|FM | < L (|EA |+ | KD

%u S/_\MBC =%|BC

MF | <

T1BCI(EA|+ DK )=

(715

1 1 -
5 EA|+2|BC|-|DK|)_
A
2

(Sansc + Sapsc)
HEEE.
7 CAEWEAV MBS EAV RS LNV RERANT
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Inequality in the Tetrahedron

V' iy mE AL
iERA W 3.3 fR, UK A'B'C'D" W&

F U & ABCD, i il i AA'B'D’ 4 # 1 35 #
BC,CD %y % F & E,F, i m AA'C'D’ ¥ E 32
% BC F 4 K, £ £ W {k BDEFD'B’ 1, g3 K
3.1 %E

Sppe + Swnmeosn + Sapo'r + Swamsore =

SEW?BEFD'B'
EESNE!EFCKA' + Sm;&mar’u’ + SAFA'D' + SA(L"K >

Sm!ﬁA'D'C’K

Smawexcs + Saexa’ + Sapw + Saack = Sanwe
Spaper + Saasn + Spacy = Sawrcn

T2

Siasc + Sassp + Saaco + Sascn =

(Sapse + Swamsosy + Sapor + Swamsore ) +

(Swmreka’ + Swamreer + Saak ) +

(Sanse + Saasp + Saaco ) + (Swamwexe's + Sanex ) =

Swageros + (Smaumrekar + Smugrcen + Saarx ) +

Saser + (Smumees + Sanex ) =

Saxep + Saper + (Smwagexes + Sama’ + Sams + Sanex )+

(Saaes + Sanek + Swamecs ) = ,

Spawp + Sager + Swamakcy + (Saves + Sanex + Smumexcs ) =

Spasp + Sasco + Sancr + (Sanes + Sanck + Sanex + Swumekcs ) =

Saxpp + Sapcer + Saacr + Saaco

HRAC O FHERBEBEERKXNEERARL T HRRMNAWTH
R
8. (iR, ALALIEND & V' FENE A V A, 2V kK
ZHA LWV, VEgRKZALWV) W

L)< %L(V) (3. 5)

RS RREN.

AUEME (3. 5) WATHZE 0T WA~ 5 | H.
S51®3.1 #P,,P, 23 AOPQTUIA P WE—EL LA TR P WFW
L0 AOP,Q,AOP,Q MAKELE —ITKF AOPQ HAK.
iER FELLO,QF S NES BB MK PO+ PQ MR, A A& Py,
31



P, BAR PHEX EHAM TR P WFER L PP, EOH — 7 lCHBR
HNER . AW R Py BB 4 AOP,Q MK KT AOPQ WA K. iiF 5.

B 3.2 £ AOPQEF®EMn(n=3) HIEHN, ML n HIEH n TR
RPELHFE=ZA AU EN AT AN =M A KANT AOPQ
K.

iERR WA 3.4, REZK PQ &M n WEKA BB, T4 P, & C.C, F
MQ EK Q) ZHhA A FRO,. 5 #3.1,1%8

ANA B Q fﬁﬁ<{
AAIPIQ] Jﬁ‘&<
ﬁAA]BZQl E":]& <{

AA B C A%
8 AAB,C, K
AAB,C, ¥
% ANA B, K
AA,B C ¥
% AA.B.C JAK
AA,B,C, kK
® ANAB.C Ak
M AOPQ K BAR/NF AOPQ HRAKCHO,P,Q=85ZhFTHHE
AR HRSES). IEEE.

513 3.3 MWHEENE— =M EKA KT %Mk — MW =M%
A K.

iER & AOPQ N A ABCD WiE— =/ .id AOPQ ik #
T, ) A 0 R AT R

(D #E I =M, A 3.5, K idk AEFG. 8% AOPQ K AKAKF
AEFG M8+, 1513 3.1 &

ANO, PQ JiHE <A
AA,BQ Jik <{

;] AAPQ K <
ﬁA&&QﬁK<{

Ay O A4,
I N
7 /// \ \
// 7 \\ N E

Y ) \ F

/ 7 NN

/ \

4 \\ D
QKQ P /P

B,
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Inequality in the Tetrahedron

AAEF JE& < AABD A&
ANACE A < AACD R+

AABC ik

& ABCD A&

(2) | A MBI, mE 3.6, AMNA EFGH. g5 3 3. 2 H1, AOPQ
WEAKAKFUE,F,.G. HHEFRE=ZSAATAN=AEEAK, REEHN
AEFG,FH5|3 3.1 1% AEFG (AKX FHEEAERE —-Mm=AFYEK.

A2 F, W &R AE— = AT 8 B KA K F % 0 AR — i m =
AEAKCY O.P.Q =S5 NHAT S EAHFTRES). IEE.

AEFG Ak <
=] CEF;:
;A Ak < EEABCE<{

& 3.6

3|5 3. 4 mﬁ%&~%ﬁzﬁ%mﬁﬁm?%ﬁ&2ﬂ%%.

WERl W& 3.6, Bk BC<<AB+AC,CD < AC+AD,BD < AB+AD,
Bt LA BC +CD + DB << 2(AB + AC +AD)
FrA  3(BC+CD+ DB) < 2(AB + AC + AD + BC + CD + DB)

Bl BC + CD + DB <%(AB + AC + AD + BC +CD + DB) . jiE5.

X (3.5) BUIERR RV V B RS U EE V&0 = AR K S5 R
[1 9[2 ql3 9[4 9%5/4\ ZL(V’):ll +[2 +13 +l4 ’ﬁmﬁw‘/%ﬂ“mzﬁ%*gjﬁ%
KERLHFIEI3IFL<L<IG=1,2,3,4) , XHFIHE3. 4 2LV )=+,

F L4l <4< AX %L(V) Ep
L(V’)<%L(V)

T HE S R B R,

% 218 1k U i & ABCF: £ JK i AABC ¥, Bl AB = AC = 1,BC =
e(O<e<DTH FH AABC B %% & (Fermat) &, IR LGHEAR [ =

\/%m? +b0*+ )+ 2/3A(HT AR AABC WHEF) .15
' 33




FA + FB + FC =«ﬁ+%(ez FolTe =)

FL §L<V>=%[z+e+J1+%(sz FBeJI=eT) ]»4 € —0)

BUmE & V' OEE N AABC, AN A, N
L(V)=4+4+e—>4 (—0)
UE5E.

9. (1966 SFRMAIE) FE— T NEESE - DA, BAXATA B KRB
=RBAUHR—=/AEN =4,

iE#E— & AB &K ABCD Kk, WA

(AC +AD — AB)+ (BC+ DB — AB) =

(AC +CB — AB)+ (AD + DB — AB) >0
B i, B4 AC+ AD > AB,E 4 BC + BD > AB. X #tA#iF . 24 AB,AC,AD
=%, B 4 BA,BC,BD =4WEEH R =M. iF .

EEZ  FMARIFRE. RNHEE ABCD F AB REKE , HEE 4T
HHEN=FBREBABAR—T=MAF, Mxth A BEN=%%.F AB >
AC +AD. X% H B &R = %% ,H AB > BC+BD. B AH/1,1§ 2AB > AC
+ AD + BC + BD.

{57 AABC il AABD #,% AB << AC + AD ,AB < BC + BD. . H = H
fin .4 2AB << AC + AD + BC + BD. ¥ J& , # JR 45 6 7. TIE 5.

10. R E A A A A, TR A IR IEE AL S.=1,2,3,4) ,

A=1,5=15,0

4 S, 4

§A‘<E(s_—s.) <3 (3.6)
%Eﬂ% S, =8, =8, =8, W%%BZ_TL

R OERD) sf's,=s' o

[Zs-s0]2 g2 4=

ik
g

BT A= 1, mFEFHAEL B
2 (325) = (B52g) 2 (3) =%
XHF S <S—8,,028 <S,Fi

(i) = (i) < (B 15 )" <28

34
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Inequality in the Tetrahedron

A, (sfls ) < = 25 g i,
1. (REM, AKEE) }iﬁﬁﬁi%&ﬁﬁ a(1<i<6) A = 1,5=

Zanmﬂ

MHANYZ DHEW%JIEIEIEWHT%’%EE_L
—a - _6+52 §—a;

—6+%[;(S—a;)]°g

=1 S
— 6+ X36=1
B A > 1Ll BT ARS8
> () = (52:%) =6+ (5-8) =5

MU ERIER AT, ERAFERES L RBR a =a, =a; =a, =a; =
as » B P 1] 44 O 1 DY i A A
HEMEER =MERAZMKTFE=4H" %
s>3a; (A<i<6b)
AL a, _ _ 3a = 3a; =3L"

s =a; 35=—=3a; 3s—s -2s

a; \* N 73a\* < 3a; ¢ (3a) ! N 3a; s 5! 3
,Z:(s—a,-) <§(§) _E (2s)* <,2 @s)*  2*

i=1

12. ¥ P& ABCD fy#s & AB =a,CD =a’ ,AC =b,BD =b',AD =,
BC:("vaJ
S<J—(a+a +b+b +c+c)? (3.8)
M Y& ABCD 2y IE VU T {4 Bt BU %% 5

B (BRBR) B= mm*m*%ﬁA<J_ﬂI)
2435. <§[(abc’) Pyt Favet + @b 7]<

A

(abc’ +a'be+ab'c +a'be’) T
22

35



FHEH abe’ +a'be +ab'c +a'b'c’ < % (a+a +b+b +c+c)°.

ERARER a=ad b =0 c > fa ' =a,b >b, >, BREBHA
[a] Bf B
A a=a b=
DY c=c"1
abe’ +a'be+ab'c+a'b'c'’ =cla+d) b+b)<
(a-l—a'-l—(;—!—b' +2c)3 _

(at+a +b+b +c+)*?

2) _‘J:’16>C’BTI,HS(e=C—ZC.

R ab(+te)tabc—e)tab (c—e)+ab' (' +e)=
abc’ +a'be +ab'c +a'b'c’ +ea—a’) b—b) >
abc’ +a'bc+ab'c +a'b’c’
Wt c—e=c +e, AT ABELRR 1.
Yo < wt
abc’ +a'be+ab'c +a'b'c’ =(ab+a'b" )"+ @b+ ab')e <
(ab+a'b'yc+ (@b+ab")c' =
abc +a'b'c +a'be’ +ab'c’
P ¢ > ¢’ 1T AT IEBY. iF 5.
bR b AL FRATIER T F A%
S FAEE ava’ b0 ycod > 0,8

2 ’ Z ’ 2 ///l ’ ’ ’
abe' Y E @) T 4 @' T @ )T €L tatd FbFH Foddy?

9
(3.9
13. # Mk ABCD #i## AB =a,CD =a’ ,AC =b,BD =b',AD =c,
B(::(',ymll
2 1 ’ 2
28 < [ 2@ +adn] (3.10)

MU TE & ABCD S 1F DU i {4 it B 25 5
iERB WM =fETm Polya—SzegoK%iﬁAQ@ (Ha)%,ﬁ
28T %[(abc’)% +@be) ¥ + @) +@beH ] G

ERXRG. ) FEE#H a—>a’ad >a? b0 >b et =K
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Inequality in the Tetrahedron

Gbe"y & b (alpert L iy T ity hie
%(a2+a'2+b2+b'2+cz+c/2)z (3.12)
¥ (3.12) AR (3. 11) BIER (3. 10) . jF ke,
2 E 4
14. 2SI< TR (3. 1-3)

244 H A 24 Y v 44 A IE DY 4 R S S

iR BRA D RARG. 10) ATER (3. 13) . jFE.

15. ng%W 3. 14)
24 HLAX 24 P & 44 S IF DY T A B 4 S

EH RPHAGR A S< (1)< (1 PR) T = 2R
i,
SZ
>, 88,

1<i<j<4

iR EH3S—8 D) SS,=3D,8—2 >, SS,= >, (S—85)»=>

I<i<ij<4 I<i<j<d 1<i<j<4
0, f LA

16'.%< <4, MHAMY S, =S, =S, =S, B %E R

SZ
<—
=D ss

1<i<<4

XH K 4 D] S5, —5=>D15(5—25,)>0

1<i<=4

8
3

SZ
————— 4
At 5 85, <

EE. o
CELELP
> 8

17'.—<?

4
Sz_S] Sg_Sz S4 _S3 S

Sa =S4 B‘T%%ﬁi_\l
EH B S <S < S < SoMg—he < g

1 < ME{LY S, =S, =S, =S, WEFRIL.

1_34

18 —7s,

<0, 4HMY S =8, =

1
S—28, = S— 285, =

1
s—2s,’

i HE A X GELRFAD < OBFFD . 1%
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Sz S3 S4 Sl
S5—25 T5-25 T5-25 "5—25 =
S] Sz SS S4
S— 28, +S—ZSZ +S—ZS3 +S—ZS4
5 191 % 34 W] 48 P iE. UESE.
19" . % k>10,4
S + S + Sy +
k(SZ+SS+S4)—Sl k(Sl+SS+S4)_SZ k(Sl+Sz+S4)_Sa
S4 > 4
k(51+sz +S3)_S4 /Bk_l
ﬁﬁ.'ﬁzg’l 5 =8,=8 =S, Bﬂ'%%ﬁiﬁ
Rl AHB S < S, < S < S, U
1
k(SZ+S3+S4)_Sl <
1
TR ET AT
1
MSV+Sr+&)—53<
1
k(S +S,+S;)—S,
MU LERAERX. A
Sl + SZ = +
k(S;+S; +S:,)—S8, k(S +S;+S)—S,
53 S4
IG5 +50-8, IG IS t8—8~
1 1
46“+&+S“+&)%G$+Sy+&)—sf%
1 n 1 4 1 -
k(sl+S3+S4)_Sz k(sl+Sz+S4)_Sg k(Sl+SZ+Sq)_S4

1 : B ! 1 4
D 2B~ *+DSIY s S 53

200, G+ /]IS <(Zsl)z—#zsf (3.15)

24 B4 Y A Sk 25 T DY o R e B S
iER FERXG.15) XF S,S,,S:,S, FRXITHR, BT AEIER (3.15) , B

ZLE T T X

(6 +2v3) 4/ [[ = +5_2*/§215<1 (3.16)
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Inequality in the Tetrahedron

A 0<z <1G=1,2,30 03z =1
T RRAS B H R FEEIEZ.
iﬁ%f‘=(6+2«/§)m+#zxf.
AF=f+a(Dx—1), M
F’,‘_=(5_¢§)xi+(3+ﬁ)@+a=o (i=1,2,3,4)
APR 1 <z, <z < x40 B
Flof =Fo =@ —a) [(5—[)—(3+J’) “I"] 0

BRI S LT (5—vE) — (3vE) Tt <223 <0, BTl

Xy, =&y
W, g F, —F., =G —z) [(5—{)~(3+[) ?z:} 0,18
I =I3

X F, —F, =(x —14)[(5_¢§)— (3++3) ?il=0,7§:

% Ty =Ty ,ﬁl'ﬁé——éﬂﬁ Xivxs =5 =z == =%,
# oy wo B (5 —8) — (3448) 2 =0 = 2 e
ZII =11§%—2ﬁﬁ# X2:11212213—411_52[9 Iy 33-*;5168ﬁ.

HEH f(X)=1,f(X,)=0.992 792 589 < 1.
T EihREE.

gl‘l:OHTj'v &ﬁ§u0<1‘2<13<1'4<%9ﬂx2+1'3+1'4=19|)—1“
f=ﬂ<x§+x§+ ) < f<1
Y B‘TJZBT0<11 12<13<7vﬂx1+12+13:%9ﬂu

f—(ﬁi‘/_z_[)er 5Bt atrat b

P B ATk 6 18
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6'6°6" 2
111 1 111 1

GLA = fprry)=5eer)

FH [RIAE 4 77 12538 AT LAEBA R iR AR 46K

21", 2[si <3(3)8)" —4>)s! (3.17)
24 HLAS 24 D T A Ay 45 T Y TR B B S S

22 . WA AAAA KBAVUEERY S.A<i<4)

(3s1)" =538t > 5475V (3.18)

24 ELAN 24 Y i 4 Ay 4 T D (AR R GE S

el HAX(2.59) 1%

RARKG.17) 15

3(D)88)° —4>)8t > 1620V

23, X T T 1 v A

) ZHNRZ A I BR— =T =3

(2) =AM B ZRHEARFHRAT LR —=ATE8=4.

(3) ZH X ZF- I MAl iR — = A =14.

(4) =X ZF M EARE SR R — =B =4,

(5) =41 % B Z AN 5 7 W] DAM R — A = B i =341

(6) =4 X B Z AIA] LI B — 1~ = AT =34. _

iERl & ABCD 1, =4 Xf#& AB,CD; AC,BD;AD,BC Hj# 4
BIHK ara’ ;6.8 5¢,¢.

(1) %5 6] Ptolemy A% RBH 66" + ¢’ > aa’.

@) BHWBE 4+ D' > b+’ T UVEE + e > aa .

(3) IR A.16) A Hl: (B +b7) + (& +"*) > a* +a”.

(4) A (2) ATE8A.

B @AM B+ () > (a+d)

G)H QA [G+b)+C+cH]? > b+b)? + (c+H? >

(a+a") %, FTA
b+b)+ (c+cH)>a+d

T FRATTZA 0 AR A X R BT R = AT B — SRR N T AT X T

TE [R]85 24 ~ 37 M1 ofn , FR {1144 5 DU T & ABCD 1, =44 %}#& AB,CD ; AC,BD;
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Inequality in the Tetrahedron

AD ,BC K5 H a.a' ;6,6 ;¢,¢ .
24. FiC A aa’ W bb' yoo” I =AILHEF R F, WA

F, =6RV (3.19)
25. #FicAVaa” Wb /cc” HHM =R ME A Fo WA
Fu =1—15[3 (6RV)* + ¢} ] (3. 20)

HH ef =% 2 (bb" +cc’ —aa’)" (bb"—cc’)?.
EUEHR 3. 20) HFEMTF 5| 3.

51 3.5 # AABC =K a.b,c, TR AW LVa Wb e Hi1w] LAY
M=K HHEBIEHh AD, BA

164" =3X 164"+ D b+ec—a)' 6= (.21
e HfESER
(zy + yz +Z.T)2=31‘yz(1+y+2)+%[12 (y—2)'+
¥ (g—2) '+ (x—?]
A& r=b+c—a,y=a+c—b,z=a+b—c, A

(—a® —b*— "+ 2ab+ 2bc + 2ca)? =
2(bt+c—a)(ct+a—b)at+b—c)at+b+c)+

D e+e—a) =0 (3.22)
# Heron— Z LA AKX A
1642 =— D a*+2> ab (3.23)

B FiR=L (3. 22) , (3. 23) fEHI= (3. 20) ST
BR, R (3.19),3.21D) 7TH5K (3. 20) . HR (3. 20) 215

26. Fi > %RV (3. 24)
34 LA 24 Y 7 A P 7 TR
27. FiEh a* + a2 0P+ 0"+ RN EATENER S F, 0
F, >4/3 BV) ¥ (3. 25)
B SCUER — 15| 3.
3138 3.6 F,=4LLLYE+E+ 5 (3.26)
iEBR HF
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IH =%(1)2 +b2 4+t 42 —a*—a'?)
4 =%(a2 +a’t = =)
=Lt 4o ppr 4ot -t =)

4
FrBha* +a'? =2 +18) 08+ =2 + 18) , &+ =28 +1).
H=fAE P H Heron— B NLBAR A
16F; =2 > (@ +a'")" B +b7)2— D)+t =
eRG+BH T G+ 1P =D RE+LE] =
168G B+ B+ 18)
8 F, =4LLLJEYE+T
UEEE.
HG.25) WIER  HAER — U FHERERX LK (6.3) .15
Fo=4LbLlLJEF+E+E = 4hill /31" =
43 (Llly) ¥ =43 BV)F
BT DSt =D Tt =i lssin 0) * + (L Lysin ¢) 2 + Uslysin @) *(F T,

T, Ts AMEE A AA Ay W SMNETAT 7N T P i 7] — T00 A By =40 T e T AR
bLislysls Eﬁﬁﬁﬁﬁlﬁl—]ﬁﬁﬂﬁz%&& ’0»¢¢§D ﬁ%’l% Lislyslaslsslsy i B

Je ). AT LUEW] F, 5 D) S REELER XA 2 7 3CHR09] s 1 ro i A8 R 2%
-9

4
SV32Si>F,
WL E YL 0B, Fr 0, 35T Ualysin ) * KA 33 3 S > F.

% 0,4 0B, DS > 0,F, =4l bl yEF BT >o,5za¢§¢§233 <
F;.
28, Fighval +a” W67 TP RN =AM E RN Fa 0l

= D)8t (3.27)
5|3 3.7 5= >)5! +¢ (3.28)
R el =3 e —a',
iER 7 AABC %, i Heron— ZNHARX.H
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Inequality in the Tetrahedron

164 =— DJa* +2> 4% = > a’ (B +* —a®)
16F} = > (@ +a') @ +b?+ + P —a* —a'?)

X = (6.10) .74
1678t = —2) (@' +a')+2D, @ +b) (P +)=

=D @ +a" )P+ 23 B A1) e Al

Z(az—a'2)2=
D@ +a) B 467+ 4 —at —a'h)—
M@t —a'?’ =

16 F3, — 16¢;

A BERK (3. 28) .
L8R (3. 27) AL,
f 5| 3.5 B 0] LL1§ B X — N = A T 2 1 i 4 B %5 4 A8 e

29. f(a®,6%,c?) = A= f(a* + a6 + b7, + Py = D) SE

Bl =M P Weitzenbock R 4434 < D a?, 2 BR G 11).

2
N i Polya-Szego A% A <§ (Ha) Q-
2 i 2 12 2 2 2 ’2 =
30. P o5 [(@ +aH @B+ + )]

3. Fiella+ta b+b e+ HAW=MENER R F,, N
F: =F% + 12F} + e =3F%, +4F% —¢}

Hp e§=%2(bb'+cc'—aa')(a—a')z

e§=—213-2(bz+b'2+cz+c'z—az—a'2)(a—a')z

iR 1 Heron— #ARARKX.A

16F2 = — D) (a+a ) +2D) b+b)? (c+c)?=
—>) @ +a* 42"+
2P+ +2bb") (P + P+ 2y =
— > [@+a'*) +4a%a"? +4aa’ (@ +a'?) ]+
2@+ + D+

4bb'cc’ +2bb" (2 + %) 4+ 2¢c’ (B2 +b'2) ] =
43

(3.29)

(3.30)



[ D) @Ha™) 42D, @+ @+ ]+
A[— D) (@) + 2D (bb" ) ()] +
433(bb" + e’ —aa’) (@ +a'?)=
16F% +64F} +4 > (bb" + ' —aa’) (a* +a'*) (3.31)
X G.3D) L, EER o’ +a"* =(@—a')’ +2a", 7%
16F2 =16F% + 64F% + 4, (bb" + o’ —aa’) [(a—a')* +2aa"] =
16F} + 64F +8[— > (aa")? +2>(bb") (N ]+
4>+’ —aa’) (a—a')? =
16F}, + 192F%, + 16¢} (3.32)
16F} =16F% + 64FL +4 Y, (0* + "+ +¢'* —a* —a'*) aa’
(3.33)
#ER (3. 33) L HEE a0’ = 2@ +a™) — (a—a) ] T
16F; =16F} 4 64F}h +2 > (62 +6"2 +* + " —a* —a'?) «
[(a®*+a'?)—(a—a)?]=
16F% + 64F% +2[— D) (a® +a'®)* +
2D + ')+ D] —
2B+ P+ P —a? —a' D a—a ) =

48F% + 64F?% — 1662 (3.34)
i ERR (3.32),(3.34) BI48 (3. 30) AR L. IFEE.
5] v = 3
32. 2 =%F§, _— (3.35)

o el =2 G+ + e+ — (a+a)] (@—a),

33. 3F4L +4F}, > F: > Fi + 12F%, (3. 36)
34, 2F, > F, > 4F,, =2 +/3 « /6RV (3.37)
35. Ficva+a Wb +b et HHOM=MENERY F.,.. 4
b 2“/4—3—251 + e (3.38)
He e =% Sla—a)".
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Inequality in the Tetrahedron

ER FEMER AAAA ETE T, LLVa /0 W5 Va Wb e sa,

\/Erv\/;h/gﬂ/gﬂ/é—'r ﬁﬁ%‘ﬂ*&&iﬁ%»ﬁﬁfﬂﬁ%ﬂﬂﬁ S,! vS,z vsla 75’4 ’
f= (3.20) 8

S’?>‘/T§S,- ti=152,34) (3.39)
E S’i(i=192’3’4) “P,Hi Heron— ij‘u%ﬁf&ﬁ»ﬁ
168 =—a"? — " — "2 + 246" +2b'c" + 2c/a’

168’ =—a"* —b* —c* +2a’b + 2bc + 2ca’

168" =—a* —b'* — c* + 2ab" + 2b'c + 2ca
1682 =—a® — b* — ¢'* + 2ab + 2bc" + 2¢'a
UL E XA, R, 18

4
162,87 = —>) (a+a)*+2D,(b+b) (c+H)— D) (a—a)?=
i=1
16F% — > (a—a’)? (3. 40)
1E5K (3. 40) R A (3. 39) , BRI (3. 38) WAL, UEEE.
36. f(azvaQCz)2A2=>f(a+a,;b+b/9C+C,)2@281 (3.41)

37. (a+a) b+b) (c+c')>%2(a+a') s, (3.42)
EH AR (L3 287 e < @b’ RA 4D BBR (3.42) . iF
XK G 42) MAEBRAREAR — JUTEAFALTRKG. 9).

38 . MR AAAA IEBR RV, A A B Xt 69 il w4
S.(i=1,2,3,4),ita; = |AA, | A<i<ji<d), M

HS,>;—:( Il as Ty (3.43)
i=1 1<i<j<d
204 HA 2 Y i A A I P T A N R A S
R ®RMmE S, 5SS, Frlll —HmMARO,, BUEEEBRAKXSS, =
3a,~iV :
2sin 6;
3° H a; + V*
(S] Sg 53 S4 T S
T I[ sine,
¥ ][ sing, < 2—6 RA EXBIAT#3 K (3. 43) . IE5E.
1< <4
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39" IR RUEAEA AAA, I £ MHIMERMFERGC=1,2,3,4) 0

(HSI)%>23—;(]—[RJ%V‘ (3.44)
24 HAX 24 9 1 A g 1E 0 T K B BUAE S
EH = AT RLA R A =08 T 4 £ R
(I a)'=¢JIR - IS (3.45)
I<i<j<4
¥R (3.45) RRARK . 43) BHAHBR (3. 44) . EEE.
40°. V> 2% (Kg@a;j) ¥« hihyhsh, (3. 46)
24 H A D T A I DY i A R ESE S

EW A5 43) FRFARLL bbb, FEREBAR V =15k, 7
8355 (3. 46) . JFEE.

41. (ES;)”}.%I,?:-RVS (3.47)
4 {24 4 i ¢ S I B R

w9 A% V< (I a) ' ARG R RR
(3.47).

42°, V>8Vf3R « 1t (3. 48)
34 A 2% 9 7 4 4 0F D A R

EW ARG 47 FLFREL hihihiAL FFRRAR V=1 Sh, 18

v ;é-?t . RRZRZAER
Eﬁﬂ hlhzhsha 2 47 ’;ﬁ
v: >“§—§ « R¢7* =2"3Rr*

B V> 8J/3R «
IEEE.
43. (B WM K A A AA, BB VL TUR A B % i D T 1 A
Si(i=1,2,3,4) yika; = |AA; | A<i<j <D
(;S;)Z—%Z;Sf?zﬁv( 2 a-)') (3.49)

I<i<<d
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Inequality in the Tetrahedron

WEBR RMmES 5SS, AW _mEANG, A<i<;<4) . ¥ eH
S, =S,cos 8y, + S;cos 65 + S,cos 6, % .18

3(23,) ——4252—(25) —22524-4 > 88y =

i=1 i=1 1<i<j<4

DS +S:+8—8)S +4 >, SS,=

1<i<j<t

Z I:SISZ (1 —cos 012)+Slss(1_COS 0:3)+
SiSi(1—cos ) ]+4 > SS;=

I<i<j<4

> (28:: sin &2 425, 5, sin® &2 4

25,5, sin* &) +4 3 55, =

I<i<j<4
-, 0,
4 S:S;(sin* £ 41
2 5S;(sin* 3 +1)
s s p O ; 2S,S;sin 0;
S ¥ 5 iF sin _ZL +1>=4/25in0,(0< 0, <x) ,EEHV= —:,’La——L A
i
4 4
3(D18) —4d)8'=>4yZ > SS;sinf; =62V > a;
i=1 i=1 1< <4 1<i< <4
HEEE.
B U AT HEH
44, (318)" =342V D) a, (3.50)
i=1 1<i< ;<4
4
45, D8 =V2r >, ay (3.51)
i=1 1<i<j<4
6. V=¥t 3 g, (3.52)

1<i<y<d4

HER G439 W E N, 2 H AABC #F 1 Polya-Szego A% R A <

\/— (abc) S B TR 18,
47. 2Vt < ] ay (3.53)
1<i<j<4
#a03.51) A (3.43) 85,78
48. (B R ng—f(l"[s,)% (3. 54)

HEEHG. 8)7ES<“/_( 3 a;) ARG LA

1<i<j<4
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4 4
49", (ZS;)Z—iZS?>12ﬁV\/§ (3.55)

ER (3. 54) 1, F|f AABC $1 i Polya-Szego A% A < f (abc) ¥, 7]
B 3.53) , AR (3.53) 5R (3.54) BEMIy, B .

50. (3.53) ©(3. 54) (3.56)
1", Bo<a<<1®, &
442 S+aS, 32 (R\*_
I <Xim<un(y) Weohe

MR HAT A%
SH+MS._ 2 . B L
DI e e R Cp SIPD IR P

32, _, .4+
I—x R
HEAR — UM EHEAERX.FH
1 1 1
s—s,‘sz+sg+54<9(sz+s§+s4)
2 2
FIHALS < 2R3 o <52 ma
S+iS, B 1
Z—S—Asl”zszs—zsl zigzszs_sl 1<
42, 8p 243
-52— 1< 3 ﬁR o —4<
32 /R
Z(R) -4
a mi _ 3243
52, 2§>T (3.58)
24 HAX 24 7Y 1 44 A 1 DY i A R B EE S
iERl B =M P i Weitzenbock K%iﬁZa” > 43A.8

3 2

2 2 2
Aj; —Qz3 — Ay — A3y

N 7 16\/— 1<.<,<4 —
E Sl E au +az.| +a34
zf( Y a3 1 )_64J§>

1<i<i<A a3 +aj + ak 9
2‘/-><16 64J_ 32§/§
UFEE.
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Inequality in the Tetrahedron

53°. 9v3V2 < (ZSZ—— SZ) (3.59)

=1

BEAELL 0 R =8 IE =R B S

WERE SRR £ K A abie, fo EEIE R hyasb,c B3R T A
451K 6,.0,,6, 1

h =@s'n 6, _ZSg sin 6, =—2§§sin 05
a b c
. 2S, . 2S, . 2S;
BIr LA a=T'sm Hl,b——h—zsm 02,6——}1—sm s

# f. ¥, # Heron— Z2HLBAKXA

3
1633222a2b2—2a4=2—? > 82S? sin’6, sinZo,-——‘fZ St sin‘6,
1 i=1

<i<j<3

3 3
‘St = (]St sin’0,) " —2>) St sin'0, <
i=1 i=1
3 3
(X8t sin0,)" =2 (38t sin'a,) " <
i=1 i=1

3
5 (s sin's)’
ﬁgﬁﬁjﬁ%ﬁﬁ 84 —51COS 6, + SzCOS 62 + SaCOS 05 9%[/1

V3RS, < ESZ sin’), —252 25‘ cos’f, <
;9—% (Zscosa) _ s L

- 3
3

i WV < (28 —58t)s,

i=1

54, 5 LS <5< S

v <‘/7§S? (3. 60)

WHNY S, =S, =S, =§s. B 458 T

Em (Os-Lts) . si-

i=1



3 1 "
z(gs? +st)+2 sz} 3 2(; )] o
- 2
T LA (Zsf——sz < 2438}

i=1

(3. 59) 4 9V3V: < (D0 ——;— 1) S, < 243518
£

//\
“Nlu

55° . 36v3V? < S%ZSl—%ZS? (3.61)
ER  BXG.59.H
9V3V? < (ZSZ—iSE)s,,gﬁw< (S +st+si—58)s,

i=1
9V3V? < (SZ+SZ+SZ——SZ)Sz,9«/_VZ (S§+S§+S§—%S¥)Sl
UL b AR AN, B H, BN 45 B AE. GEEE.
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Inequality in the Tetrahedron

% B R Ml r BIANTFER

e

LBk A A A A SRR S VIR 092 42 50 3
R'—ihﬂ']
R > 3r 4.1)
24 A 24 Y 1 A A 1 DY i A ERAE S
iERA & O FMmEEKIAG A BIXTETE £ FERR
SR OB A, it £ MEE A L. (i=1,2,3,4) ,idTH
,ﬁAx EKJE#J hy, BIIJE:%H di + A O=d, + R = hy, })kﬁ'ﬁ

—;Tsl d, +R) > %S,h. —V,B} S,d, + S,R > 3V. [

S.d; +S,R >3V
Sids + S;R > 3V,Sid, + S,R > 3V
PAE AR, E R Sid) + S.d; + Sids + Sidy =3V, F

4 4
3V+R+ >]S,>12V,BIR+ >}S, =9V
i=1 i=1

4 4 4
EH3V=r+ D SuMM R+ DS, =3r- DS, Bl R=3r.
i=1 i=1 i=1

S E B S R RS,
it — B RATE AT AUER
2. (Klamkin) & O, I 23| W& A, A, A A, HFMEER
A I BR B BR L, T
R? > 9% + OI* 4.2)
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R’ P ANEEA AAA WERSE A AFEAEXHE

252(3 PA}) = (Zs PA,)" (4.3)
4
. S¢S, - 04D
B h ol ==t 4.4)
s,
i=1

ENIEIEE

4 i 4 — s —
D18« PA?=>1S, (OP —0A))*=>S.(R*+ OP*—2OP « OA,) =
=1 =1 i=1

4
(R*+OP*—2 0P - O Zs.-

50 2 OP « OI = OP* + OI* — (OP — OI)*
A, 3 4. 3) 18
qus,_.PA,.g<R2+P12—012)%Zs. (4.5)
B SR P OB Y i ACKE— D S RE RS, T
PA; = h;—r,
A 1t

D8« PA, = D St — 1) =D Shi — )81, =4 X 3V—3V=9V
AR @ 4) F4.5) HFIH 3V =S, 1115
R* > 9/ + OI* — PI*
PR P = 1,315 FriE A % 5K, R,
3. MFEB—HIEFT LA A204: 04, WHEHE A AAA BIBEK o, =
[AA | Q<i<j<4),HAMERRERN RN
> A;Aja?jé(i,\,-)sz (4.6)

H S % ALY R OP =2, OA, +2; OAs +A; OAs +A, OA; SRIHA P
5@@“‘ AlAzAsAq B‘Jﬂ"L‘) Oi%wﬁiﬁ

EB B PRHAFALGALAGA BRTHEREA A A4 ERHEOCGXERK
TR AT A A TEA D
|OP |2 =], OA; + 4, OAs + s OAs +4, OA, |2 =

Z/\ |04, |°+2 3 24,(0A, - 0A))=

I<i<j<4

(ZA%)RZ+ SN A, (| OA; [P+ |04, |* — |OA, — 04, | )=
i=1

I<i<j<4
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Inequality in the Tetrahedron

4
(OJAH)R*+ D) A, CR* —ak) =
i=1

1<i<i<4

(2,1,»)2R2— > 1aa}

1<i<y<d

i | OP | = 0,82 (4. 6) KIE. 24 P 50 | A0 %5 Ry, iEEE.
ﬁ%’lmh =1z =43 =A4=1,H3K(4.1)1§: .
4. D, ai <16R* “.n

1<i< <4
24 H A 24 7Y i A R 1E 1Y i A e S S
5. sg%%z (4. 8)
214 B A4 7Y i A R I Y i A B S

- iEBB B Weitznbock K%ﬁA<\/—Za

S:S,+Sz+53+54\\/6§ a§<¥R2
I<i<j<4
; 9 11
6. i <1<§“ 2)<4 (4.9)
24 5 A 24 1 T A O 1 Y AR R S

WERS  SEIEMA AL AE.
BHEE AAAA KON £, 8RR r (=1,2,3.4) , i =ML P

MM&K%ﬁ%+%+%<%%ﬂK¢a$mﬁ#ﬁﬂﬁAMm%Emﬁ
MAEREER, TR

1 1 1
R e g
aza au 034 4"1 0%3 an au 4"3
1 1 1
= 1 e __|___ =
ai, +(114 - as 4r§ af, - ais a3 - 4rg
LA B A A A, R A %K (0. 18)
4
1 2
Z r_Z =3
=] o
Z 1 1 1 1 1 2
2 21<i<1\<la—‘?j<m+4—r'£+4r§+4r§< r
1 1
s 1<i< <4 a,z,- < 4r?
FHIE B A2 i A 45 KL
HAEEAERX, A



Z a Z = 36

IKi<i<e I<Ki<j<d4 a,,

A% > @} < 16R?
1<i<j<a
1 36 36 9
- = > =
a 1<i <4 Cl-?j - Z a,?j “~ 16R? 4R?
1<i<j<4
UEEE.

7.5 22 AR REFEB) RINEEK ABCD M HEIBR¥ERN ro —HIME
AB::ach::b’mu

ab
rel o 2a+b) (4.10)

iER R WiE & ABCD TR A,B,C, DX B E 5 3 A hashsshesho,
JES)

IRt 11 111

EU.J:IE"T%iCFFE}‘ﬁ—ATEl%% EB Jﬁ 2F
1

7=h—A+ + +—
. 1 1 _ ab N
& Toi, 1 +_<2+£ 50a 15y EH
hA hB hc a b

RS o < (ﬂ;—”’f,ﬁna,
8. &MFKX 4.10) . H

r<“:b 4.11)
8
9. 2437 < S 2R? 4.12
" 73 (=12
24 HL A 24 Y 1A O OF PO TR AR B B S

iERl B =M K Weitzenbock Z:%:T:QAQ%ZJJ&

1 1 8
S<— a; ) < + 16R? = —R?
- 2«/§ 1<§<4 ) 2«/§ NE)

RE S S%éﬁﬁ

16 16
S> > —— =243 GEY)
¥ 17 253
Sy 92
54

mEARERX



Inequality in the Tetrahedron

2 _1_6 4
10. 2Si<FR (4.13)
24 5022 P T A Ay IE P T A B S
iEB %M ik ABCD #9## AB =a,CD =a’,AC=b,BD =b',AD =c,

BC=c . &3 D) (@® +a'") <16R* , R GB.11) , K

SIS < 5 @ B Fa B+ < DRGER)
8 8
8 piy< B g
33 93
24 HAX 24 i 44 g 1E P 1 R B B SR S

iERE  HRA@12), @D RERARK V=—§—Sr SLEPAI A R (4. 14) L
K,

12. (FLA RO B UE A A AA FRYIRERESR » TR A BIBE S, 1
BAHAAQA<Ii<4) .GHHEL.GERAA MEBIL A<i<j<D),
)

11. 83r <V (4.14)

x A
\%—82% (4.15) ‘

t

20

1<izj<a i

ERR A 4. lﬂfm,ﬁﬂﬂﬂﬁsnszﬁﬁ’% i}
AN O, TEL GEGM, | S,,.GM; | S;, W

Ay

hy h, A H
GM[ = _'9GM2 = ="y f’E GN _L A3A4v 1E

4 4 : Ay

— - — hi _ A 4.1
éGNMl —aoéGNMz '—‘,39 BI'J a -Jr-/?——ﬂ:u- Z -
hsysin a;}l =hysin B, B AH N, 15

L (hy + he) =h Gsin @ + sin ) = 2hy,sin 5 Beos T8 < 2hy,sin L
i qiE =
%q/h]hz h';,;sln%

X AP FRLL/SIS, FEE BRIV =Sk (1< i<
3V < WSS stZ—

4hy,
X#J:iﬁfﬁl'iiw‘a:lz?‘fﬁﬁlﬁ %
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EEP S:S| +Sz+S3+S4
EXFHFEBRUAGV)?, 8
1 1 Byt
5.2 <7l 22
B EEE L (4. 15) 7. JFEE.
13° . fF 5 MA@ 15) WFH

1 " N1 1 1\* 1
iE AR E%‘?‘Zh— 9)f)\2—>z<2 h-) —m"ﬁ/\ﬁ:
(4.15) 18

> A<t

2
1<i<j<d4 hi

TEEiIE%EmZ:%EQ 1& llvlz e ﬁ'%’]%xﬂ'& AIAZ vAsAHAlAav
A2A45A1A4 ’AZA'i 4“,*539%9299{( :.F%

l] ,h34 g l—l;h.]g < lz l 13 13

h1z < 2 2 2 vh24 < 73’114 < 79’123 < ?
m .30 ,F
S ok %212—— a < 2R?
I<i<j<4 i= I<i<j<4
AT AER, A
e > L6
I<i<j<e 1<i<j<4 h,,
3
S 1 36 18
= e et S O
1<§<4 hxz’j Z hfj R
1<i<j<4
UEEE.

14", ‘i& 11 alz slz ﬁ%ﬂ%iﬂ‘& A1A2 9A3A4 3A1A3 ’A2A4 3A1A4 9A2A3 ':Pf-li
HIEEL A,

9
4R? 5 12

+i +12\417 4.17)
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Inequality in the Tetrahedron

24 B A 24 I A GE P T AR LSS S
Eﬂﬂ "& G )@JIEE1$A1A2A3A4 B‘JEJD’N’J I3 ﬂ}é"\ G,H Ly > hi; +hs
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Inequality in the Tetrahedron
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Inequality in the Tetrahedron
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Inequality in the Tetrahedron
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Inequality in the Tetrahedron

UEEE.
) 3_.'_ 4 S? E 2
10°. 8 {=0) ’Z<Eh—‘—§+h§+h§<(3r) R’ (5.13)
24 B A 24 Y 1 {4 4 1E DY AR S S
EH FAPFES <SS <SS MUSE<SE<SE<Sivhi = h >
> hy o BT LA

1 il 1 1
= = - >
h: +h:+ R /h‘+h2+h3 T hE+hE+hRE T ORE R+ R

B HEXFER Y e <ipr A LS < GROA

. 1 1 ,16p, 1 _R*
Zh2+h2+h2\ DS L TSt 3R "o e
NP HEAER,H

> S =szszszszz 1 -
EIESN 9Vt 44 SIST+SiST+SISE T
stsisist 16
9v? 2 Y §is?

1<i<j<4

4 37
XA K H-sf>4—4v4<s%+s§+s§+s§>
i=1
" SRS D
37
, 8 VIS
B A S > = T (5.14)

> =
p 2 7 =
hi + h3 + ki gvz.%(zsf)z 425%

HEE V=83, D)8 < %R“ ARAR (5. 14) , BIBEE R (5. 13) ZE 8. iF
,

. St 274/3R
i1t > G2 Toer (5.15)
24 H A4 i {4 g 1E 0 T A B BSE S

iERl  BF&EZR 3V=sS,h,=3V/S, (i=1,2,3,4)

S? B Ne
2<hzh3h4>2“<3v>6 (ITs)" - - 2Si=

i=1

1 2
Sl
r (3V)° (,1;[1 )

A A . 43)HS —2—5 IT as)* v B 6. 11) V<£{1§R°P%’
1<i<j<4

65




S? 1 o | — 2
E (hahshy)® >r (3V)* (zxo)V4 H ag >

: '(3—:)V“-8J§RV=

r@3V)*
274/3R
128
HEEE.
12, ¥o<a<2H,A
Ehlik>4il'% (5.16)

= A 3V(Esl—/\51)
S 1
1
l Sl i. IZS[ B
T LSBT Fs -1 38
4 1
4—x r

Hoehe>" BT RS HE R .
13" 4 o0o<A<< 20,6
Z)h ’:Ar>41—6,1 (5.17)
gl Sl =Sz =SZ! =S_‘ H;j'm%%.

L e e

=1 Ar =1 h‘—” e h P
Jit LA
4 4
b= . 4 1., 16
UEYE:
66

NEERER



Inequality in the Tetrahedron
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Inequality in the Tetrahedron
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Inequality in the Tetrahedron
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\/(Rs + R,)* —4R3R, cos’ -‘éi <

2
«/(ZR Rchos—-+\/R3R4cos ) <
\/(zRi)2_4(t1+tz)z<
i=1

\/(i)R;)Z—A:d%
L BE 5K (6. 19) . A RO TEI AN, R (6. 18) IS B K T N2 =

R; +R,
VR, R, cos &

+R, =R, ,R; =R, ;a L—j‘ﬂ MAETEEA AL AA, B HEBRE
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Inequality in the Tetrahedron

Pas

mﬁ%%ﬂa% AlAz :A3A4 9A1A2 Ej Az A, chpl‘g\ﬁ%ﬁﬁ‘mﬁé%
AA;, 5 AA AEEEHE A P AL, (6. 19) BFES.

H(6.18) ,(6.19) X HIER (6.16) . FL b, H

(ZR) > (ata')? +4dh > dab +4d? > 4(dE + D)+ 4d?

Ehtﬁfv%&“c(s 18) , (6.19) B F 5 M KM H AlA, = AjA,LA, As =
A ALGAA =AA B PR ALAAA, BSb BT, (6. 17) BUES.
53 6.2 5H.
13. 7EPU TR A A AA, 1,10 A A, =a,AA, =a’ A Ay =b,A A, =b,
AA, =c,AA; ="
N
w(V) < 7m1n{w,m,ﬁr} (6.20)

14. &lﬂlﬁﬁi A1AAA, Ezﬂﬁf&ﬁ]ﬂﬁ%ﬁ%“jﬂ dysd; . d; 9*%'&%7 my oy

my ymy sy 5
%(czﬁdﬁdg)gi)m,- 6. 21)
L4 P A, A AL A, T RS
EH R PHEL EBE R = Sm (=1,2,3,4) BRER 6.17) 78

(22 )_(ZR >42azz T @i+d+dy)?
I BEAE (6. 21) .

I 5 A

5. w0 (V)< %;m (6. 22)

16. 22 Djdi < D) (ata’) (6.23)
2 H Y 24 7Y 1 4 Ok 1F DY AR R U S

iEE—. ik —45 3.

SI36.4 SEATIUATE X AR Z RN/ T W40t i B B 2 M2 4%, 24 H
ETLbuEi B AR E S

iERR i 6.5 Fra, fEFAT Mg ABCD %,/ AM | BC ¥ & M,
AN | CD F /4 N ,7 BC # B ME =BM ,¥:4%; DM ,DE ,AE. 5% AE =AB,
AC =DE.

F& ACH+ BD =DE + BD > 2DM =2,/AM? + AD? >
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2v/AM? + AN? >.2 (AM + AN)
HpE =", 5L 4B B,M,E =8 EA&,B LABC =90°, itk
Bt D,NBEWES . E-N"FESHE . E=1N="PEFSHILYH
X% AM = AN , B lU3h 7 2 1E 7 FE B Gk 2.

K (6.23) WYIERR @A 6.6 B fEMMEER A A A A, BAMEFFTNH
kAAAA L -AVAALALIEA A, 5EAA MR R d ,AA 5 AA R
BHd:AA S AA WEEE R ds.

FRd <dAA,ALA) d <dAA L ALA) (P d FZRIEE. T
[F)).

BrLh.eh 53 6. 4,18

V2 (d +dy) <VZ[d(AA A LAD +dAA;,A A 1<
AA +AGA, =A A, +AA,
B2 (d, +ds) < AAy + A A2 (dy +d3) < AA;, + AAL L E=M
hnBE 48 X 6.23). 35 6.4 K LU EIE B A @, XN @&
AALAA-A ALA A, RIE T RETSR (6. 23) UGS JEEE.

A 6.5

EFEZ#ERR) W56 2,d +di <ad, 18
2(d, +di)?* < (a+a')?

i LA V2(d, +dy)<a+d
PATF ik BH [R] E 25 —.
17, Sdt > SR (6. 24)

MHEMNYMEA A AAA; K IE Y E AR BUEES.
ERE R G.4) B GB.8OF

1 1 9
_<__—
de\Zr2 4R*

B A Zd? > 29 = 36R*r* jEE

1 7 2R* — 9/
di
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Inequality in the Tetrahedron

B B 5 VIR ER RN R, r BIARTFER

Seds A5 HL
51 7.1 FEMEAE AAAA FH

h.,'r
T =

T h—2r
iERE  RMEANYIERERON LT A A X E35Y)
BREYER.O N I, W)

(l=192§394) (7-1)

2

ch
.
>
+
~

BHEPEALT.1).
S ®M7.2 MWMEBEH x.(=1,2,3,4) , HPE=/%

ZRRTFA—NBOE> 5 A
> [ﬁ] 2% (7.2)
gill =Xy T X3 T Xy B?HX%’%
iE BA Ej‘] 0<21.'(Z-1','_21'.’)<%(21i)2

e

2

£ >3 [i_
Ex,-—Z.r,- - EIJ
& it
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2= 20 255
1. AP AVAAA, L k> B
Z(;—)k i, (7.3)

ﬁ S5, =8§,=8; =8, ﬂ‘fﬁ%%
iR &R Sh,=3V,r>.S, =3V ER 7. 1),

\V

r; r S .
B — 1 L (l=19293.4)
By Po—ik 251—25,.
A
4 % 4 S. .
T S 4
Y} _ < 4
;(h") ;[251—28;] = ok
r —
Hﬁ:h_—h,.—z (i=1,2,3,4) . B
K k>0 A
4 1 P
;W:T)"?zw (7. 4)
% S, =S, =5, =S, HR%ES.
- : T R\?
v 2<§E<4(3_r) =2 (7.5)

g S5, =85,=5 =8, B‘]‘m%%‘
R  XEMGERALAERX. fiX10.24) 77

NS S 1
TR ;;Ti:;s—zsi:?;s-zs,-_z:
1 1 8/(R _4 (R

| Lon-rck- dB)n-r-e (8 -
UEEE.

4" . He= 105

4
Z(?)'>4.2k (7.6)

g! S, =5,=8 =S, NEL%%
ER  HFFHAEX
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Inequality in the Tetrahedron

D) -] sk [p 257 -

i=1

1 1 | P TP P
4.1;(25125—1 8) >4-4k (16 —8)*=4+2
5. 8<2§<16(35;)2—8 7.7
24 {5 P s TF D T A B 55 |
EH RERERGATRER EEA DS < TR D ¢ <30m
! hi ‘ S]‘_‘ZS,- 1
;7,:,123,- =282 g —8<
8 0 243 4R\ ?
¢_§Rz 9r° _(3r) 8
6°. Zrl_r>3_ L (7.8)

~ ri—r r < r 4 S,
1/ lsovew 1
+(z2s2 52
4 ] 3 < S . (I
3=lh—r:7; ZSl-—S<3_"=1(Si§_S_i)

BT P4 8KIESK (7. 8) » RFIE

B Z( Zs.) 12 (7.9)
B335 D) 5 > 16 BT BRAT.9) . L,
wmER Mo<a<lH,H

3 1 4—2 1
o =T 2= h; =)

- _+_+_<% (7.10)



R A1) ,1§l+1=i.

r

XERA b < m“ﬁu—— ,ﬁu%+£“+i_ i

m, T

Mo<Aa<1HWLA

1 4 1
Zr,—,\r/Z—,\'T 7. 11
§51282=53=S4 Hﬂ'm%%
4
s 1 1 h; — 2r
& ; ri A& Z A—=A)h; Fon
S _ZS,
i.z 25 > 4,
g A—2 2 S +us, 24
afee B
WS =8S,=85,=8S, itR%ES.
FEH b4 =4 3V __3V(S+S+S)

S] SZ+SH+SA_SI_SI(SZ+SB+S4—SI)

3V(Sz + Sg + S4 = 251)

i M NS S G F 8, F 5. =S
) hy—r _ S, +8S;,+8,—25,
s h1+r1_ Sz+ss+s4
hl_rl Sz+53+S4_ 4
F2 2 _Z Sz+53+s4 =4 22 SZ+S3—+—S4

h +T1

12-238 % 575,75
1

12——E(Sz+s,+s4) 2 ETEIE S

2
12 3 X 16

I

4
3
UEEE.
10" Ho<a<<1m, A
4
ri 8
2—.— =73

4 ri—xr . i .
iiE AR "Z;r‘_"r:;r"—h'—"r;ri—,\r:‘L
4 - 4 ] ) 1
;rx—/\r—k;rl_”+4>k'z_A =
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Inequality in the Tetrahedron

S, _ 4R’

e, 12J3r < < (7.14)
V3r _—
24 HAX 24 1Y i {4 Ok 1 DY 1 4 e S S B ST
iR X A.13) K 12.22) 18
Si_ <1 5.(5—28) _S =238 18J3VE _ 4o
2 :—2 3V - 3V = 3y =63V > _

6v3 + (8y3r°) 7 =12437
XHHEAERX LK @ 12) 78

S _ S, (S—2S,) _ 25, (S—2S))

2

Z (%) _Sz_S<4_R2

6V 6V 2r /3,

18", 18 <Z}i<ﬂ(5—)zi (7.15)

V3V rorsry - 4 \3r) r
244 HAX Y Y v {4 A IE Y T AR 45 S L.

SEUEBI AN 5| 2.
3 7.3 MMEBEHO<z < %(i=1,2.3,4) VA Sz =1,

S —22) A—22) A — 220 < &
WMANY 2 =2, =13 =2, BREE.
T HES R ROz <z <z <z Mo<z <

(7.16)

<

%:r—a

T4 <% # x =%yﬂ1'111 =I;=x; =x4=%,_\‘;(7. 16) BARAR . Jo<x, <

1 1 1 1 1
TN’Z<I“ <7.é>y1 == + x4 — Y =T =3, W z, +

Ty =yt Yo nys — 31Xy = (711“‘-?1) (14 _%)> 0.
=3 f@) =12, Q—2z,) (1 —2x;) (1 —2z,)=
A—2x3) (1 —2z3) (@1 + x4 —dziz:) +
(s + x5 —4dxox3) (1 —2x3) (1 — 2x,)

FR Af=fx)—f(»==0—2x,) (1 —2x3) 4y, ys —dx1x4) +
(x; +x3 —4da,x;3) Q12 — 4y y4) =
4(y1ys —x1x4) [—3(xs +x3) + 8x224 |

mMEAEX, &
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2
—3(z; +x3) + 8z, < —3(x; +23) +8 » (Iz‘;l‘s) _

— 3z, +x3) +2(x; +23)t =
(zz +x3) [2Cxs +25)— 3]0

BRLA A f < 0.8 f(x) < fCy). A BB LM =WME .8 f(0) < f() =
1

ﬁ.ﬁE%.
Eﬁ(']. 16) ':F»/*\ .r.-=%(i=1,2,3,4) 915:
SI@7.4 318, (S—25) (S—25)) (S—25) < =S (7.17)

32
R(7.15) WiERR BiEAAAEK.

AT LA RR 4. 8) A r=g < RS < PR pmmv="Ls.m

S
5.5 22717251 (§—28,)(S—28,)(S—285) <

rar3ry
1 . s_ S R
27V* 32 32 T 439
kL A%,
7R (12.20) F,4 z, =%(i=1,2,3,4) 15

2.5:1(5—28,) (§—2S;) (§—25,) > 325, 5,5, S, (7.18)
FHAARX 259 .

S, 1 - - -
E rarate - 27va ES] (S 252) (S 253) (S 254 ) 2

1 32 33,8 _ 18
R N T T N
3 hahsh,
13 >, ey =82 (7.19)
24 B 24 Y 1 A g I DY TR A R B S

CiEE— EEY.AaX7.18) .18

1 32
Z hiryrsry = hihyhsh,
B AT 48R (7. 19) . EEE.
iEZxE= @BREC.4D FH

Z hahsh, =Z (§—2S5,) (§—28;) (§—25,)
rar3’y S:S:S,
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Inequality in the Tetrahedron

SE-2) (52 (s -2) >

14* D paL . (7. 20)
24 B2 1 A A I DY AR R BUSE S
iER £

S; +S;+S,— S =a
S;+S:+S,—S,=b
Si+8:+S,—S; =c¢
S, +8S,+8S;—S,=d
ics=a+b+c+d,.BE

1 o
Sl—z(s 2a)
- .
S; = 1 (s—2b)
) 1
S3=I(S_2C)
54=%(s—2d)
TR
Z T3ty _E 525354 _
hohsh, (§—25,) (§—=28;) (5—28,)
1 (s—2b) s—2c) (s—2d) _
32 bed o
1 S S 1 a1
e et [t [ i B Rl
Eih“="sRATAA2.20). iEEE.
15° P 2561%/:’ (7. 21)
%E{R%@Eﬁiﬁﬁmﬁﬁiﬁm%%
iER EH D 2 Pt =16, 5T A
r2r3ry
b3 rzran 16 - 16 _ 256437
= 2 S, = R? R?
rarsry 1643+
16. rirarsry = 167 (7.22)

%E{Kﬁ S5, =8,=85,=8, W%%ﬁiﬁ
CAER R L4 BBEA — LA SR
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8 =rirsriry (S—25;) (S—25;) (5§ —28:) (B — 250 < rlrzrm(

?Eﬁ r\Trarsry 216#
é’]ﬂﬁl% S5, =8, =8; =8, W%%ﬁii
].7'. 8r <hr RZ (l=ly29374)

el @7 ,.8

S

FR. 5
1o, /2
. _
AR B (7. 23) EHRALR,
HER S < SR, H (10.24) WIEBHA

/3
V3 8 2
h1r1<?5<3R
i 1R A WA . RS,
: hs 4+ hs +he _ 32R R\*
8. Mg RIS 816 (5;) +8
24 H AN 24 Y A A IE DY R B LGRS
iR EE%IE?.I&Vz%s,-h.-(i=1.2,3,4)15
3V
Z(SZ s, _)“225‘(52
ZSlZS—]—I—S;
1648 =24
2 < 23
xtﬁwzsl\fR ZS gz,ﬁﬁu

h+h +h 8 2 . 243 4R
pyf- e Bl 2312 -+8< R —g—‘g+8=(§

f

0o |

)

(7.23)

(7.24)

1)_

)2+8

BH(O ) <4adm < 4Zm1\— > az?,.g%m,ﬁ)m

1<i<j§4
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Inequality in the Tetrahedron

Sh < PR
#4R07.6) A
h +hs +hye 2 165 o 32R
2 7< r 3R 8 3r .
4R\ * 32R 32 (R . . 4R\ 2 32R
2(5,) +8- (5 —8)=%5 (7 —3) >0.mu(5,) +8=>30=s.
HEEE.
B 5 Al -
# 71 6r
19*. 2h2+h3+h‘>4R_3r (7.25)
20". 42> 00, H
Si)* % B. : )
| 2 () <axst(5)R (7. 26)
4 HLA 24 U i A A TE PO B B S
iE RS
S; A_ 1 o 1 . L § 2 A=
(F) =Gt SETISO VS Gy [z(z)}
8 5o]*
1 (S\*_1 |=R| _ Rn
7 5) <5 8| =7
Xt b RR A, BIAE K (7. 26) .
21", Ho<a<<2m, A
SZ ? A+ E g 34
D) =) e (7.27)
24 H A4 79 i 44 A 1 DY i A R B S

EW AR =
SZ i ]. . B i SI .[l §2}1_
(r,) IR % c[SIE-250 1N Rl 2(2) o

B8 rel’

g ol
8

Xf bR AN, IR Fﬁ%*ﬁ]?‘%ﬁ A
St 2 .
SE) <E-Sen

r 3A A

(3 <3

A o\8) P

. 4 (iZSZ)IZL <
r 4 1 -

R2 1 165, % _ greRu
\/3_“r“.4(4 3R) T 3
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22°. %gz%gé—i (7. 28)

24 HL S 1 i 44 g 1E DY T 4 N B S
UER SEIEMI AN A%
A FHAEAMER 1.3, 4

>izi(zL)y=13) -1

HiERAA B A EK.
MHEFl1.451.3,18
1_1518—25_5Ss11_ _2_2wx5
Z ;?_BV T _SVE T V2 rr 3V r
B 4. 14) .V < SRy B (7. 14) , 4B
343
V1_Svyw1l_ 2SS _2 2 . 2 _ 9
Zz—gvz n V&R SFE T 8 oo 12V3r=05 — g
} 343
. 5, 4 (R
23", D m<\/_(3r)R (7.29)
24 HAX 24 oY A O 1F Y A R RS
iERl MR 1.4.F
S] . Sl s
Zrz+r3+r4_ 2 3V 3V 3V

S —25, +S—253 +S~—ZS4

L 51 Si1(S—28:) (S=28) (S—25)

3V (S —28,) (S—25,)

Lsv _S.(5-28,)(S=25)(S=28) _
V< 3 [(S—28,) (S—28;) (S—28,) 17

%,Esﬁﬂs—zsz)(s—zss)(s—zsn <

-

L (XSt [%2(5—232) (S—25,) (s—zsn}

wlss

%/ {ZS? 4 HZ (§—25,) (5—28) <S—zs.):|

ol

N

2 3 FLx
W(Zsm-[12@—252)(S——zs3)<s—2s,,>J <
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Inequality in the Tetrahedron

2 1
sp (2 SHT -

=

{[ [(S—25)+(S—25) +(S—25) + (S— 25»]}}

11 (1657 _ 4R?
(ZSZ) = {5R) v

24" . 2 Szli >27»\/§R E(h2h3h4)2>27fR

(rorsry)? = 512r rorsry (- 30)
24 B A Y 7Y Ak IE DY AR R B S
iE AR—MHE®S >S.>8,>S >0, HTF
3V .
ri_S—zSi (1—1;21354)
Dlﬂr1>rz>ra>n>0 vﬁc‘%ﬁ
1 - 1 = 1 = 1 1 > 1 > 1 > 1

S;S;S, - S,S8;S, - 515254 — SISZSB’rZr3r4 - rir3ry - rirary - rirars
EE*?JI:I:%?EI%”C %

2 (r rary )2_ HS) 2 (5253547‘27'37'4)
2 1
(ES.) 'I(;S;)[Z (SZS3S47’27’3T4)2:|
FER 3V=rS,h,=3V/S, (i=1,2,3,4)

HFAAAERK G. 43)]'[5 25( H a,,) « V2 K (16.11) V<2“{1; P,
. =

st v (3 z 1
z (7'21’3;’4)2 >E (ZT)V H % [2 (5253547”2”37'4)2}2

1<i< <4

3\ 1 _
(212) - SﬁRV[Z (S;S3Syryrsry) 2:| N
27«/§R Z (h 2hs h4)

512r rarsty

XEX (.19 H
E (hzh3h4)z>% (Z h2h3h4)2>28

rar3ly T3y

L Z S3 27J_R Z(hhh4) /272Jr§R

(rorsry)? = 512r rerary
[R5 3 7. 3 AT IEHH
SISt (S—25:)" (S—28)% (§—25)° < S
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TRA

3
3 Si DSi(§—25,)" (§—25)% (§—25)* <

(rarsry)? (3V)6
1 S__ &

BV)©® "4 455
ViTy¥sly - 1 (R)z_ 1

hih,hsh, > 8 \3r
%Eﬁl% Sl =Sz =Sa =S4 N%%&Z\Z
iEA X 7.19) K((7.5) 18

25".

FLT 5T 1 l(R)Z_L
hihohshy 32 = 8 \3r 16
UEEE.
A3 A= (7. 20) K (7.7) ATHEBA .
g hihyh;hy E 2_
26 : riraranry <32 (37’) 16

YMHMNE S, =S, =S, =S, &S L.
27 . %4 n>2,n€ R" B, H

1 23—%~ 21 x 3t
2 r Ve ¥

1 ZST)?

ﬁﬂﬁl% 5, =8,=8§ =8, B N =r; =r=r, N%%ﬁi

2'><34

ST

(7.31)

(7.32)

(7.33)

. 1 2>,8 3 ¥ 4 .
iE mﬂ=2;= %"/I.V X377 (D8)%,(208)" <
4 S A
1 1 1\* 1 [23s 1
Siad(Zh A8 =
28 X 3% 2% x 3% ¥ x3¥
n 1
(28)* (4”‘25" : (Zs)t
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Inequality in the Tetrahedron

1% B DY i A e i A A P20 T AN SE X

FEAE -FEMEE A AAA FLIEAA KRR RA,,
A; 5 AA; BT8R BT E B = F T2 m A 04 T 44 i op 2T, T R

ﬁg WM, W £, R, 899 f % 0, B = f 4 BN
T,J (i:172,3y4).

8.1 JLA 5| B

\

5| 8.1 EIEEWFAAAA‘L W - 43 T AR A
2S:S; 1
T; = S—l——}-SC s 0 A<K<i<jig<y) (8.1)
iERR B_EA ﬁﬁ'ﬁ'% AA, ZERR Qi I
1.13) 15

aLly

252 le sin l612
- 2
Vﬂﬂl‘ﬂ“‘t/\lAr’hQ]Z =7 aA N

3A,Q
2S, Ty, sin —;-012
Vllﬂﬁi*/\g":"‘qolz = W
28, S;sin 6,
Viwmeua, a,4,4, T 3A,4,

EE%:@J A Qi Q1A =A|A2 ’VluiﬁttAlAzA
Vamia aaa, + BB E =R AR

19z +VW§‘*"2"‘3A4012 =
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25152

Te =575,

cos %012

(7] 2 AT E AR UEHE.
S5IE8.2 FENMEE AAAA, B FEER M, 2

M?,-=%(S?+Sf~+25,5,-cos 0,) 1<i<j<) (8.2)

E BH X YR A A AGA R 1. 15,8
S? 4+ 82 =285,S,cos 63 + S, S;cos 03 + S, S,cos 0y, +
S;S;cos 053 + S;Sycos 054
S2+ S =2S,S,cos 01, + S1S;cos 613 + S;S,cos 04 +
S, S;cos 023 + S, S, cos G2
7R B S1S;cos 013 + S1Sicos 014 + Sy Sscos s + S, Sicos G2 =
St 4+ S% — 2S5, S;cos b6,
Xt PUTH R A As AL AL FIOER A, A AGA, 537 MR 1. 16,15

1 ]
M, =%sg +%sz +SE =2+ 1S, 35ic0s 3 —

2 . S? . SZCOS 023 | 2 L %54 . SzCOS 024

1
2
Mi, =281+ 1St + 5t — 2 S, + 7-Scos buu —
1 1
2. 753 . S]COS 613 — 2 ?S,‘ . SICOS 014
¥ BRI AR, IR AT RN E
21\4212 :%(Sg +Sf)+5f +S§ _S1S3COS 013 - S]S4C05 914 -
SzSgCOS (923 - Sg S4COS 024 - 5354 cos 334 -
S% + Sg == %Slsgcos 0]3 - %5154(:05 614 -

%sz 8o il = %Sz S D8 By =
St + S —%(S% + St — 28,808 61y) =
%(Sf -+ Sg ) + SlsZCOS 012

i Mz, = % (S? + SI + 28, Sy c08 612)

[ 2 AT 5 HoAR . UE R,
S5/ 8.3 fEMMEAE AAAA F,FEEHR M, HE
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Inequality in the Tetrahedron

545l agicics (8.3)

a 2 2

=

iER s 2. A
2
Mz_(S'—;Sjcosaij) :%(1_(:050[}')(5;—51')220

i

R (8.3) WAL, B HALY S, =S, iS5 7.

8.2 M H

L (AAKE) ZEMNEEK A AAA, F,%50< 6, < % i, A

M; _ (Si+S5)/2(5 F 5D
T, =4 4SS, (8.4)

UL g, < BRSO RBBREL HERY 0, =5 FRFS.

{ERR M; _(Si+S)*(S!+ S} +2S.S;cos 6;) _

2
(A » 16S:S? cos® %0,-,-
(S +5)? {s,@ +8} +2S., (2 cos’ %ﬂa —1) W
16S%S? cos® —;—9;,-
1 4SS,
16S!S? cos® 70,-,- o
(Sf —S))* e 1 Si+SH*
1657s! (l—l—tan 2 ij)+ 15,3,
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1<i<j<d

90
WEEFRERX

m, —t

$-%3 (8.8)

=



Inequality in the Tetrahedron
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Xt EXWARAM, FAARFIAEFELALKA.27) A

2 S,—Sl’ COS2 %‘0.‘,‘ ='i‘ (Z}Sl)2
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Inequality in the Tetrahedron
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meWA1A3A4A12 - VmiﬁﬂiAzAzA‘Aw 8 AH « M,, = %V- % AH< AA,; =

l ) 1 AIAZ 5 |
g AAL B < Sy RAAR
2 AA D a4
1 - i<igi<a — I<igie
i My 3V 3V

11, (FLA B # I RUEEA A AA AL, IFIE AAITA; WERAIT; ,
i
I <¢T€ZS1 (8.14)
1<i<<4

iER RO IEIM | FEAAA TEAMMAEIN | ALA, FEANE
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H1=(8.15) ,(8.16) £ AA, 18
I

w]l\a
W
[
o
o
w

HBE V=175 A

I, = 25:5, cos b1
4 ZS; 2
Xt (8. 18) Fﬁﬁlﬁiﬂ-#ﬂfﬁﬂﬁli%it i

Z I.,—

I<i<<4 E :Sx 1<i<j<4

ST st (T 55w

1<i<j<4 Ii< <4

B REBEAEFER A
1
(Elggjq )
k%K 1.27) ,718
> S.S; cos’ 6,, = (ZS )?

1<i<j<4

xﬁt(s 19) h; F5K (8. 20) , (8. 21)Eﬂ71§5£(8 14).
.§ﬂ>2on€ R" N’ﬁ
1 s frExam
I<i<j<4 MZ T ZS’]'
iEll ®BRG.2)MU.20)F

1
2

<4 (Zs)

I<i<j<4 I<i<j<4 1<i<j<4
1 4
3 1
33t + 42828 0080, =
i= J=1
J#Fi

3yst+1ysi=3st
BR(DsHf<e s A

1 1 1,7 . 6’ ] 7
= 6 Yy e =6 =
Ii<j<d M; . ( 6 1<i<j<4 IVI?,) - Z M?z
I<i<<4
6%“ > 6—'2'-+1 - 3~'21+1 X 23—%
(st s um

94
MEERER

> (V55 - /55, - eoslt) <

(8.17)

(8.18)

(8. 20)

(8.21)

(8.22)



Inequality in the Tetrahedron
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Inequality in the Tetrahedron
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1+ cos a;; + cos a3 +cos a1y =0
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i=1 i=1 =] =1

#0183 e) " =0, éac_Z—_r =0, BI I8 P g MU (g 9 T 4.
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Inequality in the Tetrahedron

B AT H B & e ye. pe; 00, BEMA GFLH, X5 AAAA, N EEZGTF
J& 5
e, +e +e +e =0
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Inequality in the Tetrahedron
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Inequality in the Tetrahedron
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Inequality in the Tetrahedron
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3 @t
a:% Jgaij >t,+t}
4
KA, 15 S < D) a
_ =1 1<i< <
ﬁq:’ %Ha%,l b =ty =13 =1, Hﬂt%%ﬁﬁ_\i
12°. % F RPNEK A, A AA, B934, H cos/AFA, :—%(1 i<
IS,/ FEIWE f: MEENrG=1,2,3,4) 0 |
Din < dr (9. 20)

YHAN Y UE A& A A A A, R IE DY T A SE S L.
B IR FA, |=6G=1,2,3,0). Ak 6 <t, <t <t. 7 NAFA,
o, AR % e A

ag:t§+tf+§t,r, A<i<j<®
H Heron— Z L AKX A
16S? :%(Igtg + 5]+ 6585 + tst, + 15t + tat523)

1653 =%(z%z§ + 88 + 88 it Hutn )
F i
16 (St — %)z%(tz —8) @ty + 82t H 88 F it + it +

£ty + tatuts + tatits) =0
105



Ffr LA Si1>=S;
[=] 2 8, >28:,8: =S,
B LA $,=>28>=8=>=S5 (9.21)

XK 16 (21 St —t§S§)=%(t1 — ;) (tstaty +tetaty + tatity +t3ti2,) <O

Fr LA HS <t,S,

Iﬁlﬂ 1S, < 1353528 < 14 S,y

B DA £:S5; < 1:8; L 68 < 1,8, (9.22)

X@%‘l V] — J3_t2t3t4 sz —2‘\/_t1t3t4 ,V3 —2‘\/_l]t2t4 ,V4 —zggtltgtg
_3Vy _ 243 titytsts 3V, _ 243 titstst,

A A r S, — 3 14,8, T S, — 3 15,

_3Vs _2y3 ntatst, _3Vi _ 243 titststs

= S3 N 3 t:;S:; _— S4 3 1454
3k 9. 22) ,4%

r1>r22r3>r4 (9. 23)
B 9.21),0.23) RYMIHERA%EK, B

T35 2N < Xns =3v.=rS

] Er, < Adr
UEEE.
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Inequality in the Tetrahedron

H—A 5P 5 [ ATFER

10.1  5|¥R K uEBH

Eis

5IF10.1 ENmEEAAAA, T A A, Bt il i AR
MBS HR S h(i=1,2,3,4) ,0U

iy o LSS —25) (10.1)
Q-1 az + as
LY HASWE f20fsr f« SIKE £ IR AHFHRES.
EE—  Ha By BHNRUAALAALAA AR —
EAEAAN, A B AAAA, L AA; FRIE N

_.\._

2 h —hlema—A‘Zz\/(l-i-cos:z)(l—cosa)
F A22A3 /(S5 F 5,c05 a) (5; —5,c0s @)
R k= Az \/(sg+szcos B) (S; — S,cos B)
hy = i A., + S;cos ¥) (S; — S,cos ¥)
[:4 h, = 2 - Q

A Ay + A2 Al + AA,

4
H Q=D (Si F Sicos 6,) (S; — Sicos 6:) »0: =a,0: =B
k=2

s =Yy
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A P A S5, AT A8
Q<< [(S; + Sicos a) + (S; + S;cos B)+ (S, + S:cos )/)]
[(Sy — Sicos a)+ (S; — S;cos B) + (S, — Sycos y) ] 7 =
(S1+8:+S+S)% (S5, +S:+85—8)t =
VS(S—2S,)

2/S(5—2S8)) =% 1
T by < g a g A BT R 58 T 0 A =R = i
.

EEZ BNUEETS A EREYHESBRE = NMERSHNHR ,
y,Zaﬂl'JEﬁE

AAsx + A Auy + AsAyz = 25, (10. 2)
HAMNHHE/RE=AENBERELR) i, F5 8L
S B =00 T £ 4 5 5 53 A
VZTHhT /Y R W R

ol 4 7
S =5 Ay ST TR + A AT R+ AA VTR =

T TRATT T IRA TR +/TAA Y T [ AA TR +

\/|A3A4 |ZZZ + IA;;A.; ,th ) =

SV BATF AA S F AR T Byhshs + A AR FAARY >

—;—szs% T (A, A, FA,A, FAADR 10.3)

HApPHE—-NMAESRNMAT KRR EAERX, BAERUES 5 8L &4
Bix=y=z=r(r J NAA; A BAVIE ¥ . BB ESS AAAA RLE
. BEEXa0. 1.

10.2 5B A

T AAAA R VL, TR AL B X6 ) AR R
S:(=1,2,3,4),|AA, |=a; A <i<j<4), M
18V? [(aps +anu +as) * + (a3 +ay +au)* + (@ +ay +an)+
(az +ap+a)?]< (S +S,+S:+S)" (10. 4)
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Inequality in the Tetrahedron

WA phalEE 101 AT
SthY (@n +an +as)? < 4S57(S—28,) < 255, + 25, (S—28) < 'S,
F)fLJﬁ 18V2 (6123 +az4 +(134)2 g SSSI %y**ﬂﬁ?@

18V2 [(aza +az4 +G.34) 2 + (a13 +Cll4 +aa4) 2 +
(a;z +an +az4)2 + (a2 +aiz +az) 2] <

s3isk=s4
UEEE.
2". 3,2V Z a; < S° (10.5)
4 {24 1T s E DO AR B,

. 2«/S(S 24/S8(S—2S,) "
h
= EH] ax +an + asy

hy(az +ag +as) < 24/S(S—2S))
hy S (as; + azn —!—a34)<«/§\/§«/s' 25; - (S=25:) <

VSIS - S =iZst /s

F}l—'u V (as +a24+a34)<“/%5%v51

2v 2 a,,gﬁs%zﬁ/s, <Lg

I 3L BVE D) a8 (10. 6)
1<i<j<4
24 LA 24 DU T 4% Sy IF DU T e B4

3E10.2 WO< 1z < %<i=1,2,3> JH oz 42+ xs =10

I1IzI3(I%+I§+I§)< (10.7)

81

EW ARz >z > e > 5w < g

’ 1
&II =?+51913=%_€2,ﬁ¢‘ € 20982 }0991“
IZZ%_EI +e.
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ra) (F ) (F=o )

—%[Elez‘l‘(ﬁ —Ez) —e1e2 (g, _Ez)]}'

T xax; (2 + 25+ x3)

wl= = w|-

=
|
|: +el +el+ (61 —e2) }—

{1 —€)?+e1e2[1—3C —€) ]} —

-

1
81
1 2
§[61+ez+(el—52) IE

{(El_ez) +€1€2[1_(E1-€z)]}
BHe < %_%:%’61 —e < % Frh 1 — 3(;—e) > 0,1 —

(61 —€2) > 0. FTbA z1222; (2f + 28 +25) < 81_1

Wit1l #a,b,c 2 ANABC =31,
abe(@* +b* + ) < % (a+b+c)°®
?Eiﬁ 2 i& avb9C% AABC _:.ﬂlvAE AABC B‘JE*E,')'UJ

18324 (Da?) < (Da) * (10. 8)
‘ 3 [la |
EW AN AABC IR ERA < z

V25

&t (D) (%)“g:)% (Se)=(2)" [Me(za) ] <
(@) [5 @] @’
A UE A A

A < < 2Y/S5(5=25) &3 0.8) 18

ay;+ az +ay
2% [s<s—zs,)]3 <2 [ss—asp ]t
= (az +az +asu) ¥ 18‘3/55% (ags +a§4 +a:2s4)

h <
it LA IS%h%(aﬁa +ak +ad) < [S(S—25,)]%

—Z— (3V) ¥ (ady +ad +ad) < [S(S—28,) ]5SF =
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Inequality in the Tetrahedron

S3
2%

it ERKAL G 2030 YBVE D) bl < STD)S =SLIEE

1<i<j<4 i=

4. V2R < m52252

24 HLAX 24 7Y A A T D T A e RS

iEEA msl<é_§(023 +az4+as4)zvfgazs+az4 +ay 2

hy 2«/S(S——ZSI J§«/S(S——ZS,)
< Az + axy +aun S 35

1

Fr LA Stht < sz (S—28) % B VA < 528" (S—28)°
) 2 2 1 g2 . z=__ 2 2
BT LA v Zh 2435 2 (8—28)t =538 P
iE . ,
3
5. 1

S% 277‘4 9R3 3
iEl KB AaX A =375Z RAR 10.9) .15

4 - _* Q2 2
oF 2 2435 2.8t
HERE V=55 FRA
1 _ 4 z
2 <73 (W) gr St = 243 zvzzs
Xk 2. 22) ,ﬁﬁ%i(ZS,)z—ZZS?;183/5%,15@]
2 l 2 a3 %
st g 7S =93V
Rk (4 14) .V < SR, 783
343

Vi L %R%r%

i (10.12) , (10. 13) KL (10.11) , 75
111

«,|m

~ [(5—25)+28]% 8 <

(10.9)

J_ﬂm

(10. 10)

(10.11)

(10.12)

(10.13)



Zigi 1 (%Sz_gﬁv%): (10. 14)

ST S 243 2V
() o
217 \3V/ 27,2v5
2 _ 3
27r'  9R% %
UEEE.
EREE 3r <R, 15:
6°. 1 a 3 (10.15)

Sz R’
R W S,S,,S:, S, J2 P A Y T AR - R O TE A B P U0 BR R AR GIE

B a7 E
11,1 1 _ 1
siTs s s S
ERERVE T SN e
7*. v <2Bs (10. 16)

EW BN hS <B/SEISy  as, <Y ss—
1 ) ( 1 s4§h151\—9—5(5 25,),Vh, <

NP 3 ey 2B
57 S(S—28) V2 h <522 1S(S—128) =">S" EE.
8&@@% AAAA, %Wﬂ]ﬁkﬁgi‘éﬁéﬁ raﬂ']

231, 1.1 1 _23
Rz <51+SZ+53+S4< 97’2 (10.17)
AR SBiEA R AER.
@ﬁﬂm=%Y%Juh>§&ﬁA$%ﬁuam»§ﬂmﬁx%ﬁ
(10.17) .
FEM A B R %R,
e 4 P R 45 AT
1 1 1 1
<&+&+&+&%§+§+§+§pus
ThA%ERS< SR, A
3
141, 1.1 16 243
57575752555 +5, 75 F

9. FE MY T b, 24 3R 18 B — 5 B, IF DO T A AR AR BB K 5 X AR AR — R OE
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Inequality in the Tetrahedron

VU T A i 2% 1 B/

B E A < 2OC—Z) BYSEI) gy s <
Az + az +asn 3\/_

1
Jg\/S(S—ZSI » B

4 4 7
V< —@—Js « 25, (S—25) g,ﬂﬁ
9/2 1842

LB % BRI RSN a =p=7.05 =an =as .S, =2 b a By B

SCRIG IR 5 B Y 44 S 1E 0 T A i B A8
10. (R piAR) Bt ri R IUHE AL A, Az Ay BT £ (G =1,2,3,4) B LT[R
2 .Ror SRR ER AIEREAZ

18 _ 1 _2
R<Up<p (10.18)
24 B A 1 i {4 g 1E Y T 4 B S S
ER i Walker RER D) L < L83 (5 +5)< %Z,Lz

1

’ , 1 1
83 @ +a) < 16R*, 3 @ +a') 3] (7 + =) > 36, B LA
1,1 9
Satr) >
F)T’u 22—?

X by < ZYSE 7250 pemm s —p,S, =3V,
az + az +a34

=h151< 251 .«/S(S—Zsl) L= 5 S_ZS]
S e (5%} +a24 +a34 S : V S

S—2S,;
S
51 1o 8=285. 2 .
11- if&ri %MEWAIAZAZAA B‘J{WJE fl(l=11293y4)%wwm¥ﬁvr
EHAVIER¥ER E > 0,0

ﬁ]g rr;e

4
Dt =4 /2 (10. 20)
i=1

iR @ 10.19) 1%
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A= = ) G=1,2,3,0)

S§—2s,
¥ B AR, 75

4 X K 4 S 3

2=, (5=%s)
FH ™ oR $50PE S AT IE BA

4 5 I i

;\/(S—ZS,-) >4V
RALRK, B

2t =4V

Uk

A (10.18) &—MRIBHIAE X, FHE R LHEWFZH BB A% F

MAA=AEFPHFRER A>3 (EXE Y7 A=ZAERDEER A
11 1
S; \3,\/? 7'.?

xf BRI,

1 1 1 23
Eslg?,,\/é‘ rf<9r2

XHIE T 3K (10.17) .
12° & R MUK A AAA RTE £ G=1,2,3,4) BSMERER,r
A AAA BRTIERER,

N1 1
;Ie?gﬁ (10. 21)

ERR & RUEA G=1,2,3,4) I E R ATIEER, h=/AEF
B‘Jﬁﬁ%ﬂsﬁ Ri > 27‘,- (1=1920394) -*‘JH?K%?C(IO. 18) sﬁ

4

4
1 1 1 1
LRSTL A%

.

ETRT 1994 M > RE< 2R (o
AR GBI ) — 54 510 % 88 MM, B
#F 2011 FFE T EAWW.

#Hsg b, mE 10.1, W& ABCD N # F &5k
O, TR A A Frxt 690 m i sh 3B A9 K2 0 R, . %%, Hd i ABC W T KA

A 10.1
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Inequality in the Tetrahedron

i ABFC, kK [Bl ADF Fi £ 1 & B F %] ABFC, AF @it 84> O,BC | AF,
R EZ 2R=AF =8,BC=AD =2, F RS E cH,8
BE?=AE » (8— AE)=1,AE =7.873 0
=+/AE? + BE? =17.936 2

AD 1
coséDAF—ﬁ—-li— 0. 25

Bt A DE =+/AE? + AD* — 2 + AE « ADcos/DAF =7.623 1

CD =BD =+/DE* + BE* =7.688 4

- _DE _
sin/DBE =BD =0.9915

@M BCD yAMERMEZ N R, R, =—2 3 877 1.

2sin/CBD
7E AABD
cos/ BAD =AB; +If§2 Zlsz
sin/ DAB =0. 968 8
B lE ABD Fufilig ACD BysMER Y ZHE B8 R, N

___BD
Re =5 “BAD — 3968 0

R* 4 R} + 2R} =62.521 952 41

32
9

=0.248 0

“=R* =56. 888 888 89

it LA ERk >3 RZ
BSOS 3. 2.
FIFREH I T EB RS YR, < S2R wRAM L 09, BRATH

W0 A 55 A 45 R
13“ . &Rl %EEWAIAZABAd H‘Jmuﬁ fr(lzlsz v394) B(J&I\EL‘F‘%ORy
r 2 T A B b e ER A A T ER AR, T

8v/2 (R
ZRI <‘-3—(3—;>R (10. 22)

iE  iEAA =d A A =b A A = ,A A, =c,A A, =b,AA, =a,
rREEEA AAA BME f,.G=1,2,3,4) WAV R EE . H=ATFFPKH
[R5/
R, =alb'c' _ ’a'b’c" i
4S, 2ri(a +b +c)
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Xf b SGRAFE R A P A FAMBER — JUTFIEAREKH
B abc a’b’c*
2R = ZZrl(a-}—b-l-c) 2\/2 «/E @tbtorl S
E-«/AZ E«/ Z (abc)T

ARG 13) ZRXE.D A
(abc’) T + (d'bc) T + (ab'c) g + @'b’c")

—Sl)‘ (@+a?+u+b*+c 4+ <

t
3

<

16°
9

oK (10.18)F

R4

1 [2 [16*°,. _8J2(R
DR <gyFae R =5 (5)R
UEEE.

T ﬁﬂﬂji%.ﬂ%ZR. a4

14. (R R B 7, %E@lﬁﬁw\ A A A, T f,G=1,2,3,4) BRI
IIrn =4 (10. 23)

iER xR (10.19) KRB, HEHER — LT FHEARAEL A
[ S 4
Hl‘l . H(S ZS] = ]__[ 2 Hrl

%E%‘H%it(lo 23) . jE%E.
R E K AAAA BE f, AN FNRBOERR
r,-(z—l 234) il

8 (R
S \3( C)R (10. 24)
§ V3 2
iE B l’£ AA2A3A4 ‘P,EHK%EQ S, < :—SE (az; + az +as) ,ﬁ
az +az +as = g«/?

V3

<2,/S(S 25) \/_«/S(S—ZS,)
- az; + az +as \ 3\/§

R LB AR R ERAR - = 3‘25, ,V=%S,h1 A
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Inequality in the Tetrahedron

33V R, =3k VR <3

ry
Fﬁl’“ h1r1<§S
<¥Bgl
Hp gsh

HEFRER S <%Rz 5t E AR AL 8

E"\ Zh, E S(R)R
UE 5.

2 (10, 24) @AM (7.23) 187 < hr, < SR G =1,2,3,4) KW
H (7. 23) 78 82 L 8

Lern<ir %(i=1,2,3,4).

: ) 1 8 1
X i KA 8D 1< Dl < GR DD
1,1 ,1 .1 _1
EBE: o+ e+ = B
8R*
8r< Dir, <%~
EEE.

16".

v < st/TIS TS —280

(10. 25)
iR X (10 24) AIERA AT A1
3v/Sihi <V3/S(E—25)
EEBGHAKX IV =Shr. %
3“/2 <‘\/§S(S_ 251 ) S]
RBUER AR
v <58 /IIs T s —280
UEEE. H 0515
17°. B2 <[ S—280 (10. 26)

wa /] S—28) =uavs
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5 Be DY i A N AL A SE X

% L CptE) & P AMEE A AAA, HIEE— &R =
|PA;| (i=1,2,3,4), /& P B /U 0 {k & il i = BE & K
ri(i=1,2,3,4) , W&

R\R;R;R, = 3'riryrsry (11. 1)

YBWEE A AAA HIEMTEEH P oA S L.
""' W EK AP RTA A M MET A
B.(i=1,2,3,4) ,3f&
V =Vaumua a,4,4, *V1 =Vmmwra,a,a,
Ve =Vumura,a,a, Vs = Vumura 2,4, ' Ve =Vmanra a,a,
AB;, V

— & P_B,_‘T (i=1,2,3:4)
FR,HahEg
AiB(_PB,'_V—V,
PB,; 7
3= PA, _V—V._
-? . PB,  V, —(Z;Vk)/V,- (11.2)
R, __ PA, : .
Mw :>T,=(Z;V*)/V' (l=192$394)
L3 AR AR, A AYEAER, TE

ka4

4 R 4 4 4 4 g

1T &> TT(Gva v 61TV v=9

i=1 s =1 k=1 i=1 k=1
k£ ki
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Inequality in the Tetrahedron

i LA EAIE R BATTE AT AR B (1. 1) M —S .
2. P AHNMEKA AAA HEE—& L EK AP WA A, Brxd il i F
s B,,R,=|PA,|, ,=|PB;|(i=1,2,3,4) ,l| &
RiR:R:R, = 3Ll (11.3)
Lk A AAA, RIEWE & E P AHE A OB %S RoT.
HAAMEEETER . (=1,2,3,4) . AR LR, A
DEEIEIONAUAI S (V)= (3"

k=1 i=1
ki

HHEAEEX AL 2) ,5:
3. (B4 —) fENEE A AAA, F,ie 5B XRAKX AL ,MIMEEES
LHW x,(i=1,2,3,4) ,H

1

2

i=1

| ol

t>2 Z T.x; (11. 4)

1<i<j<4

MHMY 2 t iz 1 xa 8 24 =V 3 V,:V,: V, %S,

o~

Eit(ll.4) *fﬁﬁ&:.—»x,,\/}z—:(i=l»2'3,4) ’mu@:
4. & A AAA F, IEEEXRERX ALY, MEEETLEK

I(’(i=1i2'3’4) 9%
i:,’* =2 ), za; /lilj (11.5)
i=1 I<i<j<d RiRJ’

MHM Yz, 2 x5t x5 =14:,/%V1 $ d%vz % .,/If_:va L ,/%‘V‘i ig: & Es

E:—ﬁt(ll- 5) ':F7/7'\ Xy =Xy =X3 =Xy =1,ﬁl'1?5:
5. FEWmHE A A AA LIS BXFAIRAL.3) A

[ Ll
—L <2 (11.6)
1<§j<4 RiRi
sy, . [l b [b oy oy, vy, SR
}e1 Rz R3 1?4 1 2 3 4 .

EXAL O FEBEW 2, > 2,/ (i=1,2,3,4) ,0[ 8.
6. EMHEE A AAA 1, iE5EXRRKXALD , M EEETLH
z;:=1,2,3,4) ,8

4
xR =2 D) ;I 1.7)

=1 I<i<j<t

a2z .I=I:I:h:£:£:—‘i\
LHHANY 2, 2 2, ¢ 2y S «/EBTEZ%%'
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d1E % (1. 2) M

L, 'V, .
‘R—,—V——V‘ (1—1920374)

T, MEEEFEH 2. (=1,2,3,4), EHﬂﬁT%iﬁ %
4 , li 4
;I'E—; ZV V 3[:Z](V V):'(

1 P
? (;I,)Z_ ZII,Z

i)—ir??

M, 875

7. EMTE AR AAAA B RS E XFER AL 3, W XERIEF LK
I;(i:1929394) 9ﬁ

21 > ( 2 ) —21 (11.8)
WEALY 2, 22yt a2y 4—V Vit V=V, : V=V, : V-V, i R%ES,

HEE Y2+ Dt g = Dat TR FRUK ALY T

i=1

8. TEPUTEIKR A1 A A A, H,iE M, = |AB, | , A FF 5 & R 11, 3) ,
Xﬂ-{iﬁngiﬁ I;(i:1,293,4) ’ﬁ

4

2M,->1 5 2
s 2 ey i (11.9)
Sttis (S

gﬂﬁ% Tyt xytxyta,=V—=-V,:V-V,: V-V, : V-V, NH’X%%
AEX AL LM AL AFE LM AH. flwm, £ AL 4) F B z, =
\/2(1.21921394) 7E]-1§:
9. FEM MK A A AA, FLIEEEXFEAAL.3) A
DIRi=2 > Vi, (11.10)

BHANYVL 2 /1 2l 2l =V, 1V, 2 V2V, BT S.
?;Eit(ll.zl) EPH‘XI,Z«/;_'(1=1,293,4) 551”%:

10. ZEPUMIR ALAA A, i 58 LR A1.3) , 0

=2 (11.1D)
.Z; 1<§<4«/RR
% H AW 24 L. L.l _yv.v,:v,:v, tEgE,

F VR JR VR
z}:i‘c(u.s)qnﬁxx,:ﬁ_azl,z,s,z;),ﬁM&:
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Inequality in the Tetrahedron

11. 7ZEMmEAE AAAA .0 5B XFEA QL. 3) , 0

4 4 1 2 4 1
2%2%(;f) _;z_,- (11.12)
ﬁﬂaﬁf f Jl— f“’ ViiV=Ve 1 V=V s V-V RS,

EAEXLAL O MAL) PR 2y =2, =2, =2, =1,15 :
12", &K A AAA, BB SEXRR AL 3) 1)
; %) 12
2 HALY P R DY R O RS
13°. FEPTEER A A A A, L858 R AL 3) , 1

L4
2R >3
X HAY P U mE AR ORBES.
14", & P j@lﬂlﬁﬁi A1A2A3A4 W{f%:_‘}ﬁs ﬂ:t/( AiP 5‘55@'@.?
ALa<i<<o,m

4
3

(A,P_AZP.Aa _A4P)%<(l AP | AP | A ) _
AA, AA, AA, AAL) TS\4 4 AN AA, AAL) TS
1 AP AP\T _3
(62A1A71 A2A7z) S
(11.13)
iE A wV :VWW“MzAsM Vi =VEE£$PA2 A A, WV, :Vme:m,/xa/a4 Vi =
AP V-V, V.
Vimwea a,a, » Ve =Vimmgea a,a, - 3:% T_I_V(l <4 .Hi
AP, sV
AA, ! Vo

ISR () < (&)
B4 %5 X FR R B , B AT 15 38 K (11, 13) .

15" U mE A AA A, BISMEERFINYIBRAYE2 258 R Al r, A —
S PREEMEMESNL G=1,2,3.4)

1
3

< (%)% < SO o A ER

4
1 3¢—
dz / 2 +27'R+ R,; (11. 14)

Lk A AAA, ﬁmmm&tm‘%%&u.
ERR WM AAAA, BIERR S, (=1,2,3,4) , %8
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=1 =1 ;W
17, st Vier o Viay
—S)—I:('Z:’:V?) ('Z; W)+21<Z<4(V_i51 +V,S' )+
ONAY
220 e |St=
7(Q +2:+2Q) (11.15)
7] 75 A 4 X

Ql—<ZVz (Z %)><is.>z
HEAR — JLFBHEAERX
Q= 2, (‘732+—LS) ‘Z S.S,

1<i<j<4 1<ic <4
3
4
PNA% -
Q= Z,%“S@ﬁZVEwSGHZHﬁ=mHB.
=1 T— V? =1 i1

BA%R (ZS;)2—2253>13\7§v%
ﬁ)’fuvzgi [(Zs) +4 Z S:S; + 24 /Hs‘,]z

5
%{ : S.-) +[(_Z4]S;)2—22S?]+24 /HS‘}>
%[ (ZS) +18y3VE 424 —: i}s,. .V}

4 i=1
EEBBANAR = BREA YV < Bt A

23S,

i=1

: >
4 _1_ l S: ’ 3 < S;
;d?>92§' R VERIPYI: LI A B P

\74 Vs 47 A% JV
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Inequality in the Tetrahedron

e,

2 3
l ]‘_§. . ST . ‘§— . 9 =£ i 3\/§
9 [ r 82 4t r SﬁrRz} rt +2"R +2r7R'3'
3
R AL 1) ¥ 3Ir<RARA ;/—1 /izﬁﬁé
2rs R 2R
4
. 12 9 . 9 ‘
5% .E d? = rt +2rR +2R2 il F4

4
17. (B ) B 0 11.17)
i=1 d,‘ r R
4
12,6
5 A 2 FEat R (11.18)

18", &lﬂlﬁﬁi A1A2A3A4 B@ﬁl‘%ﬁ*ﬂﬂi@ﬁﬂ‘]#ﬁ%ﬁﬁﬂﬁ RFr, HH—

4 2z
Zl>l+& (11.19)
= di E r3Rs

Lk A A, A A, R IE DY T A B 455 BL

3 B de

=]

WERl  RWUEAE AAAA BUREBRAY SA<Ki<y), 4 =

S ol ) (i=1,2,3,4) [ Q2.21) AT{FH
Js_i(/; 2./S;) G Al =X A ik B

/\1/12'13 +A1A2A4 +A1/\314 +A2A3A4 > 32

4
B (2. 61) A 3% X 25VF Qadsds +21A54s + A + 4122450 T < DIASH,
i=1

TR

(/57 £4/5: +4/8 +/8. ) —2(5: +S: + 8+ S)=
ArSi +24:8: +2:S: +214S, =
3% « 28VF (Aadsds +AiAshs F A1 A2hs FA1d245) T =4 X 3TVE

d T P AN S K

V.il=liv.i}§>l(i} /—S)2=
= d. 34T &V ~ 3 i=1 l
4 4
%[2;s,+(; —2Es]>
4 ~ )
52 25 +4x37VH)

123



TR

8+/3 rR?
2
2, 2x3!
r riR3
R AL19) s 3r <R RAZES > 28,
ri 3
4
1 2 6
: - -+ = . 20
19°. a = . + R (11 )

AT FE 0 5 1 DY T A P9 AR — e 30 0 A4S 0 T B S 22 AN AE T % Y T A B o T
FEVE A RATH - '
20" . FEMU TR AL A A A S TR A B A A, R — R P 220
MR R 4, (i =1,2,3,4) , 1|
d, +d; +ds +d, < max{hj hyshsh,} (11. 21)
iR % S, =min{S:,S,,S:,S,} sl hy = max {hy shy ks k). TR

%sl 6, = d; idy b dy S £ %Sld, + %szdz 1 %—5343 + %SJd, =

V=%S,h1

Hit di +d, +ds +di < h,. WEE. ,
21" . & Ty EEEWAIAZASAA W&ﬁ_‘,ﬁ P @J&AIA}'(]' <i<<j<4)
MBER,R (1 <:i<4)Bx PRITLA BEERE,N

D1 < DR (11. 22)
1<i<j<d i=1
HEH 1 RBAERN.
SEiF B — /5| H.
3 11.1 EFHR
ay @z Ay Qau

|A|=

i, (DNa;(i=1,2,3,4) HF R EH, HAEAWEIBE MM Ds =
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Inequality in the Tetrahedron

Za&<k=1,2.3,4)#ﬁ;%mﬂg,mu

|A|>0 (11.23)
ap Qi Qi apy ap; Q@ 4as 5
x Az Qzz Q3 Ay Az Qz; Q3 52
iEB |A|= = =
a3 dizz Az Az Az Az Q33 53
Ay Qyz Qg3 Ay Ay A4z Q43 Sy

—siMy + s: My, — 5: M + 5, My,
EF‘P M, 7% Qi B{J{ﬁﬁﬁ?%i}.

A A3a43 T Anaypay + as@pa; —
Az3QA32d4) — A22A31 Q43 — A33dy2dz =
(apaz — apasy) an + anapays +
A31Q420A23 — A22Q3 Q43 — A33Aq2A2,
@z +az > 0ya5 >—az > 0,6 a5 >—azz >0
FRLA azass —azas >0, X ay < 0,8 (axasn —anas) aq < 0. XA LR
HARBTH N RE B M, <O.
[ #A[HE Mz, > 0,M;, << 0,M,, > 0.
WREF s > 0k=1,2,3,4) ,FTA|A|> 0.
BAEE W R %R, @(PA,, PA) =0, 1 <i<j < 4).
% 8 X FRAE

. 1 2 Q12 _l 2 Q13 _i 2 Q14
1 2 cos > 5 cos o 2 cos >
__1_ 2 @21 . 1 2 Q23 __l 2 Q24
2 cos 2 1 5 cos 2 2 cos 2
4=1 4 1 1
4 2 @y L 2 A3z — 2 @34
7 cos > 7 cos > 1 el cos >
__1_ 2@ 1 2 Qa2 1 2 @43
2 cos > 2 cos o > cos > 1

Hr o, =a, A <<i<j<4).
FAEATE a1z vars sars PUOHEBHNABMKTFRET «. APE a0 ¥R
B o WA
5353 PA, ,PA,; PA},PA,; PA, ,PA, fEF-T. [ P 7€ 4 i # i 19 %5 .
FRLAPA, fE =[ifi P-A,AA, BIX T = [ i WS b. it PA,, PA, fEFH X
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B A A, F4H B,i& PA, IR BEKL N PA', T
xr=/APA, + /A PA', < /A,PA,+ /A PB <
LAPA, +max{/A,PA,,/A,PA;)}
AWk ais +auu =LA PA; + LA PA, = =, )

cos’ ‘%-{-cos’ %=%(cos a; + 1)+%(cos anu +1)=

a3 +a ai —a
1+ cos =2 B cos =2 L1

2 2
L sz 2 2 @ 2 @i
FE 1 2(cos 2—f—cos 2-f—cos 2)>O
7] # A 4iE 1 —%(cos2 %—i—cosz %-{—cosz a—éi) >0

_ 1 os? @ 2 @32 2 @
1 2(cos 2~{~cos 2-+—cos 2)>0

1 st 2 2 @z 2 Q43
1 z(cos -+ cos 2+cos 2)>0

2
5 A A > 0.
1 —%coszgzl—2 —%cosz%

X —%cosz% 1 —%cosz% =

—%cosz% —%cosz% 1

= 1 coszaz—”cosz%co 2‘-1—223

oos' % = reost 52— freos' B =

oo ) Homw ) H - )
%(] — cos’ ‘lzlicos2 %cosz %) >0

R AT LLERA H AR =B £ FRARIER;

1 — %r:os2 % .
b4 i =1—Icos‘ %>0. [7) 38 /] LASE B Ho4x —
— —cos? &2 1
2 2
B £ FXHIEH.
ZLEB.EM A NEER, U
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Inequality in the Tetrahedron

RR; cos* 2L < S'R?
1<§<4 ' 2 E
i t; W AAPA, i LAPA, (1< z<1<4)ﬂﬁ¥ﬁ}€e’;ﬂﬁi’< TEEF
2R.R; g i
=R+ RO sG<VRRcosT A<i<j<
4
#H > &< DR
i=1

i—":lﬂﬁﬁi A1A2A3A4 B‘JIEE AA2A3A4 QEBE—‘/I\'.% » P Elﬁg,'é‘k A, 9)2371'
R; =R; =Ry yrys =7y =ry =Ry Ry =1y, =1y =ry, =0
AEXPLAHE, FTULRE 1 BREFH.
22'-& OEEEW A1A2A3A4 V‘]%‘S{fﬁ““,ﬁso Qjﬁ AiAj WEEH%J
riA<i<j<4),|0A|=R.A<i< D, N
3/2 <
¥ T TJ—;Ri (11. 24)

E W, R AAOA, B LAOA, FEREREK iE LAOA, =ay
ri <l; <JRR, cos"‘—z‘i A<i<j<b
FUFSR (2. 25) oA PR 2% 2% Fsk 36 5 MR %58, 18

Z ry < Z vR.R,; cos—<,\/ R.R; 2 cosz%<

1<i< <t I<i<j<d4 1<i< <4 1< i< i<
/3 27 RR, <\/ (Z}R
1<i<;<d4
3VZ <
4 ;R‘

JEEE.
g&¥ —1.066 017 2---

WA RBORIEN L E R BRI T 1993 4E4 th g — AR
23 BRI K A A A A, P— EBITUE A, K A, B O 0 i 40 B 15 4 51

Bl od TR A BN £, BEEE N b, G =1,2,3,0 .k => 2
4 l,— k 4
;(—Zh;‘i‘d.-) - (11. 25)
iERl WA 111 PR fEAH, | B AAA FRH EPE | AJH, F
,El-i E,ﬂ? PD, _L Sllﬁ A, A A, :.F'}é-‘. D, ,EI'J A,P=!,,PD,=d,,A H,=h, 9;]:%
S,4 + S,d; Zsl (A\E+d,)=S,h, =3V
Mﬁﬁ S,1, >3V_3meuPA2A3A,
| 127



A 111

Iﬁlﬂ Spl, = 3V — 3mef:§:m]/\3a4
S;;l;; 2 3V_ BVEWMPAIAZA. ’S4 l4 > 3V . BVWET“iPA]AgA:,

T
Soly + Ssls + Sils = WV — 3(Vumuea, a,a, + Vamwea a,a, T Vimamrea a,a,) =
6V+ BVAA2A3A4 =Sl (Zhl _Jf"dl )

i B Sily

2hy +d, = S,l, +S;1, + S, 1,
A s S, 1, 3 Syl

2h, +ds = Sily +Sils +Sily2hy +dys T Sily + S, + S. L4

/?‘(\ I,‘=S;l,(l.=1729314) ,a=2x1

e 3z:+3(—=) ] _ {3ay*
35 3z (a—x;) <[ 4 —(4)

x \F 4% xS

< 1 X ' 4_% ‘& %‘ ﬁ. ZI,‘ —_4.. é‘
*A.8 3 (20) =52 (2) =% 4[ = ] = G E> ).
. li £ X X 4
q:E”E;(.Zh,+d,.) >3 ((25) =y R
24, BMUEE AAAA BIIEERRY S QA<i<4),48 P RUEENAN
%Eﬁ—ﬁ,iaze;1PA‘|.(i=1,2,3,4),)ruj

243 2
251<—3‘2R. (11. 26)
":’lﬂﬁl”z’!lﬂﬁiﬁi A1A2A3A4 %JEEQE%EA‘-?\ P %Ji:l}ﬂ‘fﬁl%%
iEBl B =M Weitzenbock A2 434 < Zaz.ﬁ

Yast 3 4

I<i<i<4
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Inequality in the Tetrahedron

(1200 F D ml == > al B A

915«
Zsl g%gzm.z
N (16.30) ,24 G HMEEK AL A A A, WELOB A
4 4
DIGA? < > PA?
i=1 =1

fﬁj GA, :%mu(l=1921394) 95‘11’)

Simt =2 31641 < 2037 pas

FRA
35 o B St o 2 Srpag
e,

25" . G RWUE&EK A AAA, WELLA LA LLAGLAL A RIRE AG,
A,G,AG,AG 5K A A, A A, SMEBRTE 38 2,
GA', +GA"; +GA'; +GA'y > A\G+ A,G+ A,G+ A,G (11.27)
WS PR A AL A A, K IE DY E R &S
iERR W@ 11 2 R, Gy REE f BMEL, A4
D KA A WP E.ENAG 5 AAAA, SMER
132 . BEAEBAR (11, 27) AT ¥4k K BA

SAA=EYm ALz
wAA =M, % HHEZXZEHETH Az A4
m; (M, —m,) =AG, - GGE=
D

2 1 o E

tan (Gapeoe)s TN

A +£AD-DE= B 1.2

2, 1oy 2 (AuAn\t_

SAD 5 (T5) =

%Adc% + %AzAi

A m M, —m) = 2AGH + %AzAf.mmM. =y § = %ch% +
1, 4
6A2A3.
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PLE = s
3m, (M, — m1>_—(A G: + A, GZ+A4G‘)—+— (A, AL + A, A2 + A AZ) =

§(a§3+a§4+a§4) (11.29)
i F It =3 SV a2 — (ad +ab +ad) (11. 30)
4 4 1<i<|)<<4

S k= > af. AR AL.29),(11.30) HET ady + ay + od, B HE

M (o) > 1

7 78 M, > 2B M, > VB M, > VR

BREA SIM, > 2/E =3/ mt >3 3y i,

26. Fhr £k 1] R 3 DY A B — A T A A B ERER O O B AR 5 X A T A
it X TG 38 F— £ » K T 5 32 st 18] B9 4% B v A I T 1 1 — 2R Ao 2K

MR HORMNEKA AAA MERMERL, HL AO 5THA A, Frit
MM £, A NAiRe=|AA | (1=1,2,3,4) ,UE{K A A A A, SMEE
BRpAE R R,

1_3
2=z (11.31)

€]
iE B iV =Viﬁt¢A1AzA3A4 Vi = Vmﬁ{#(MzAsA‘. WV =VEEK(M1A3A4 Vi =

metm AyA, Vi =Vﬁ¢m A A,

% O 76 T kB, _%_1—%@
R_, V. ,._
L=lmy G=1,2,3,0
kA, 1% PIR-SEED IR
1_3
1] EDZ_R
24 O 7 Y i & SRt *kﬁ&O%Eﬂ'lﬁfl Zﬁl‘ il
_R-ladil R
% AA’1|
HAeMA %=1—3 (i=2,3,4)
€;
_yv_Vv. V L-__ R
T Sat et R L Z
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Inequality in the Tetrahedron

LS DY l:%mz-tze

T A BE LA R TR AR,
(1) FF5 R .
MA>1,84 <0 A

Apgl—a
Iaf 1= (11.32)
1
Bo<A<1ht
A
e%gy% (11.33)
1

ER Ha>1,82A<0mf,BRA.33) ERFEFHA%EKX, A
]. 1 A Agl2
Ya=e(i2y) %

€ R*
M Oo<A<18t,HRA.34) REEHARER,H

1 150 1\ 3
EZ<4<ZZ_) =

e R*
EE.
(2) 155 R4, )
1 27
ey eie; = 8? (11. 34)
ER HRA37) RERFHAERX.H
1 1 1 1\?_(3\*
T2 <@23) =&
\ L _ (1 1yt_21
FirLh 1<;<4e,-e,-<6(42 e,) ~ 8R?
HA AL 3D . BRARER — LA EFHEAERGBNTAER.
(3) " FF5 [P,
ele,ese, >§—jR" (11. 35)

27" . Lk () R - o Y T AR A — A TR R A P DD BR IR 1 BRSO A TR
JT R T A2 T — s 2 T AR 5 38 A (] 9 2% B | 4 IO T 1 — 2R 9 %

(1) ﬁ I;%IEEMEAJAzAa/L Wﬂ]ﬂzﬂgﬂz‘bvﬁﬁ A.'I Em,ﬁA; FJTWB‘JWJJ
Hf MR RA B p=]AA" | =1,2,3,4) , UK A A, A A, WYTER¥
?éj&] r,Dl'J

o<t (11.36)
iE BA V= me¢A1A2A3A4 Vi = Vumin
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2AyA, WV, = VEKM1A3A4 WV =



Vuawon, 4,4, +Vi =Vimsgos, a,a, -

B_‘:]j‘] I EEEWA1A2A3A4 B‘JW'L‘.‘,Fﬁu IE@EWWW% :.F%
|A" 1| V.

r o
A STAAL =V =123
z > V’_—
e Naa< Xy
1 _ 1
" 2y =<y
HE 5.
@ FFRAKRAL3). K o<a<1H &
-2
pl_‘<4ra (11.37)
1

B Y o<a<1B,.BmRA.340) EREHAERH
1 1 1 1_4l~/\
E—<4(ZZ ;) —R

pi r

JEEE.
3) fF5 WL 11.36) , 0

1 W (11. 38)

2
1<i<j<A pib; 8r

WO ISR (LI A
7255 <0 25) <)

\<izy<a Pibj -
% 1@2@. P-’lﬁj < <%Z %) =8ir
UEHE.
B (11 36) , HRARER — LA FEEAREFLSIEN T AEL:
) FFERFA AL 36)
prpapspy = 2% (11. 39)
28. B I RMMEAA AAA WYIBRIERL HER AT 5T A A, B il
i f ZRERA (=1,2,3,4) 1

1A AL AL AL
t TAALAA,TAAL T AA,

81
128

(11. 40)

<

i BB ’%r;=%(i=1,2,3.4),mu

Al _hi—r_
AA’ h;
Al AT AT AT
AA AA, AA AA

132

hLiZI—r,- (i=1,2,3,4)

Jir LA (A==z) (1 =2) A=25) (1 —zy) =
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Inequality in the Tetrahedron

E X x;— E X1 XXy + X1 X2 X3 Ty
1<i<j<d

HEAR — LA P EAEXA
81

SUH T S, I A D TR BT O <, < %(i:1,2,3,4) i

(=) (=) (b =) (===

+_ 1;Ij_72111213+1|131314>0
<

16 4]\4 <4
Bp Z xx; —Zlexz.rs PhxyToxaTy = =
1<i <4 4
B D) zay — D xixexy + mixezeti S D) @iy — 2, mixsws +
LI I<i<i<
dx x,x3x,. HI
_1_< Al Al AT A < 81
4 TAAL AAL, AA, AA T 128

IE¥E,
29. (BA3%) & P R MK ABCD N— &, 1
%a<PA+PB+PC+PD<a (11. 41)

H o RoRME KM AKRBRZMERZE1/3 71 &2,
i () H=AEMER AB < PA + PB,
XFEMAEX T ABFE A4, PA,PB,PC,PD
£ WBEL =W, Br A
3(PA+PB+PC+PD)>qa

B %a<PA+PB+PC+PD

(2) i PAEFE S AB & CD 47, X F it 5
CA,AD,DB,BC %1% F & E,F.G,H, 51 /4 /1.3
% EFGH JFAT A iE.
X ¥ CDP 5FHMEFGH MK R 1] ) IHEEH L, & J fEGF L (A
11.3). 848 CD > EF =1J , i LA
PC+PD < (PI+CI)+ (PJ +DJ)=1] +CI + D] < CD +CI +DJ
X D] < DG + DF,CI < CE +CH
B LA PC + PD < CD + DG + DF + CH + CE
Gz
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PA + PB < AB + BG + AF + BH + AE
I BETH
PA+PB+PC+PD <o
(3) KA 4D A RB FREBUE. B4 AABC B, i D, P — o, {8

D,P 1Rik.

itm'mgm%‘ﬁ%m*ﬁﬁﬂﬂiﬁﬁﬁ @s,C,D, P TAB +—
& & s E.

30", BA P ANEEA AAA AEE—SLIER: = |PA‘ (i=1,2,3,
4),

%lggiga,a?j < ZR? < 1<§<4afi (11. 42)

ENALERY P RHNUEKAA AAA, WELHRES, AR EXNEK1 R
AL

iEBR 7 AAPA, F, R EEM o} =R! +R; —2R.R,cos /APA; (1<
i <j < 4. M
D) @t =3>)RE—2 >, RR;cos/APA,
1<i<j<4 1<i<j<<4
BYSHEBEALIRR,E A (@oyioz) (@oyiez >0,i=1,2,3,4) , & P
BT BT A AR R (A1 2202402400, FEF D04 =10 > 0) &K P A B 4645
y‘](ZAlllvEAIyl’ZAlzl)-:.FE

S RR,cos /APA; = > (PA.+ PA)) =

1<i<j<4 I<i<j<4
[Z (1, = Zt\ll”l) (J-”j - 2’1111 ) :l':

1<i< <4

2 [ 2 T j — 3211 ZA;J& +6 (2;{111)2]
1<i<i<4

>, RR;cos/APA; — > R =

1<i<i<4

Z I: E B4 5 = EI$ - ZII Z/\hﬁ +2 (ZAI-II)Z]
1<i< j<4

AP 2 <z < zs <z BEx < D)hx <z, BERZKEEK

flx)= Z xix;— 2x§—x2x1+213

1<i< j<4

A A
flx)= Z T — sz—:rlz:rl + 2z% =

I<i<j<4
Ty Fox Fraxy—zi =z —2i <0
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Inequality in the Tetrahedron

R f(r) <0 BFLh £( DNz ) <0,k
> RR;cos/APA;— DR} <0

I<i<i<4
i 2RI< 3 4
I<i<j=A
XA N > RR;cos/APA, +5 YR =
I<i<y<4 "

¥ [% (D) =4z Dz, +8 (zm,)q
EEREH @ =5 (Dn) —42x +82

5 g(§ Dha) > (5 D) =0
B S) RR;cos/APA, >— L+ SR
1<i< <4 2
e + > a<IR
1<i<j<4

Eﬂﬂ%’%ﬁﬁ%#%i%% X‘J‘?Eﬁlﬂgl P=A, vﬂ: Az AL A > A BTIEI’—?%
5. kL.
BE DR< D aiGk=1,kEN).

1<i<j<4
31°. 1& I%EwAlAzAsAux H‘JW'L‘.‘J)—M
4 4
208 AP < (D) SHR? (11.43)
=] =1

MR RPUE ALAAA, BSMD Ok =M L AR B B
Ol =>)5,04, (2s)

He |OA;|=R (i=1,2,3,4)
FR

4 i 4
DS 1A |*=27S: (Ol —0A)*=>,S;(0I* + OA;* —2 O - OA,) =
=1 i=1

i=1
4 4 4
SIS, 01+ >)SR* 201 - 3)S,0A; =
i=1 i=1 i=1
4 4 4
s, 01t + SISR* —20I* S, =
i=1 i=1 i=1
1 4
SISR? —0I' 3]s, <
=1 i=1

> 1SR
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MEAETER

1. ® Wik AAAA 5 B B,B;B, Bt K 4 5K
|AA; |=a; F1|BB; |=b; (1 <i<<j<4),&BHHHVHM
V'

W DY (D) bh—2py)>288y3 (VV) T (12.1)

1<i<j<4 1<I<k<t

@) D) ai (D) bu—2b;) =488 (VV) T (12.2)

1<i<j<t 1< I<k<4
HHMYMUE &K A A, A;A 5 BB, B B, ¥ 1F U 1 {4 B+ %
5 L.

R dA2. D) WIER  ZMEE ALAAA, BITH S A, BT Xt
AT £ ATEF R S, WE & B, B, B; B, HTH & B, B X 01l
f EARKS =M+ Neuberg-Pedoe A%t -

Dlad(— bt + b + b)) = 164,A,
A
abs (— bly + bk, + b3 + ady (b3 — B, + b3 +
al (B3 + b3, — b)) =165, 5,
aly (— %y + bt + b3, + adi (b — B, + b3 +
aby (b3 + b3, — b3,) > 168,85/,
aly (— bt + %y + 85,) +al, (B2, — bt +bh) +
as (b, + 6% —bh) > 165,85,
at, (— b}y + bYy + bl) + als (b2, — by + b)) +
abs (b3, + b3y — b)) > 16S,5',
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Inequality in the Tetrahedron

533 A 2 AR i e 0 48
D ab (D) bk —26%) = (ah +ak) (Bl + 65 + (abs + ad) (B +bh) +

1<i<j<4 1<I<E<4

(at +ab) Bl +65)+16 2SS = D+ D
i=1

Hep
(1) =C(al, +ad) (bl +6%) + (aly +ad, ) (b1 +b3,) + (ai; +ads) (b, +653)

(]])=1624)S,S',-
Ehﬁ:* fo‘HZiiJ{ET%JC,,n n@%ﬂﬁ‘ﬂ‘%f 72V? < 12Q13A14A23A24 A3y *ﬂ
ve () st

(a%z + agd. ) (b%z + b§4 )+ (afg + a§4 ) (b¥3 -+ 17%4 )+ (a%:z + a%s) (bﬁ + bgs ) >
. dayaz » biyby + darzaz * bisby + 4ayay; ¢ b1y b2 2

12 «s/(alzalsamazzauau) * «3/(b12613b14bzabz4b34) =
12y/72V7 « J72V7 =14443 (VV') ¥

4
2788’ = 4/(S5.S,5,S) (5,5,5,5) =
i=1

W(F)'vE () v —sm v
TR D) (D) bh—265) > 14443 (VV') T +144J3 (VV') T =
2883 (VV') %
FABRAER: D ai(—b +b, +6,) = V484 A, RAR 12.1) WIEH
FEAEL 2. 2) GEBMER).
AR R DOAER (12. 1) ,A2.2) Inigns .

2. Wk AAAA, 5 B,B,B:B, BIBK AR K |AA,|=a
BB, |=b,(1 <i<j<4) 4KE4H5KVHV N

(1) ST A (D) b —3b) = 21643 (VV) (12.3)
1<i<j<4 1<I<k<4

@ D0 as( D) bu—3b;)=36y9 (VV')3 (12. 4)
1<i<j <4 1<I<k<t

AR (12.1), 12.2) , (12.3) 1 (12. 4) B UL F B2 PU @ & & 5L F 0 6
i0] Neuberg Pedoe A%,

R E R AAAA 5 BiBBB, BEK A BN |AA,|=a,
lBiBj[—bq(1<z<1<4),1¢fﬂﬁﬂﬂﬂﬂV$ﬂV JH%EK*&&J\S'J%JR%HR y
il
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M D) (D) bh—265)>96+3% .28 (RR)HT (VV) T
1<i<y<4 I<I<k<a
@ D) a; (D) bu—2b,) =483 (2RR)F 3VV') %
1<i<j<4 1UI<k<4

HHM Y ME & A A AsA, 5 BB, B; By ¥ 1E 19 [ {A R 455 L.

H(12.5) WER  BREIRER YV < . P

(at, +ajs) (bY; + b5 + (afs +abs) (bl; +
12«3/(012(113“14023024au) 8! \x/(blzbnbnbzabzabaq) =

12 (/,RV (/,R V

—96¢§ (RR)* (VV') ¥

: m|‘.

X i A% HS) —+RV° &
Ess >4/(5,5.5.5,) (§,5.5:50) =
4 17 7
37 Lo\ (3% | piyrd)
4\/(2% RIVH) (7 - RIV'E) —
9. 2% « 3% (RR)T (VV') ¥
N E( D) th—2%)=%/3 (RV-RV) T +

144 <42 3 (RR) T (W)t >

(12.5)

(12.6)

2-1)+ (a:f4 +a§3)(b?)4 +b§3) =

483 +2+4/2.38 (RV-RV)? +3J2 (RR)) ¥
96 « 3% « 25 (RR') % (VV') T

WHs =

2. 1) BIER SR AT A, 2 B G Uik A, A, A A, 5 BB, BB, ¥

RIEWE&EE (1) =) e —HAYERERNTURE%ES.
FABRA%ER: D a
FEaBR 2. 4) (8.

(—by +b,+by) = /484, 4, , R (12. 3) MiEBH

AAZ D R—PMREBHAFEX HEHEALELEL R ARIAFZAE

M A %, Bl

a; (I<i<j<4){F:
4. (D) a) —2 D) af >288J3 (V) ¥
1<i<lj<4 1<i< <4

YA A A A, A A, R IE DY AR A S5 B T
A (12.7) o[ E Y.
5. E a;‘-,-

1<i< j<d

>3 D+ 4 3@ —ahd’
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Inequality in the Tetrahedron

HHAXSWEAE AL A, A A, O IE Y TE KB 555 BT
6" .ifkmiﬂlﬂlﬁﬁiAIAzAam E‘Jm}é‘\A; EfXﬂﬁ!‘JEf, (i=1,2,3,4) J:Bgr‘F
L. KBV,
(Em?)z—%Zm?>¥V% (12.9)

MHEAYUEE A A, A A, R IE MY ke 55 7.
iERA H(1.28) 1§

9 . 2 2 2 9 ., 2 2 2
Zml +az; +ayu +ai =Zmz +ai; +aiy +az =
9 ., 2 2 2
Ims +af, +aiy +az =
9 _, 2 2 2
'Ima + af, +ais +asz
2 2 2 : 9 9 5 2 2 2 9 9
023+024—013_al4ﬂzm2_z 19423"_“34_012—014—2‘7713_? 1
2 2 2 : 9 o 9 2 2 2 : 9 9 _,
ay +az —ai; —ai; —Zmﬂ. - I 1913 + a3 —ai; —azy —Tms - Imz
2 2 2 2 9 5 9 5 2 2 : 9 9
aiy +az —ai, —as —Imlt - Zmz saiy taz —ai; —as —I"h - Z'ms
4
2 9 )
#E‘%‘:EU Z aij—ZZm.',
1<i<j<4 i=1
2 2 1
2 4 __ 2 2 2 2 2 32
( E aj = Z a,,-—( Z a; ——2—[(a23+a24—a13—a14) +
I<i<y<d4 1<i<j<4 1<i<j<4

2
(aga +a§4 _afs _aﬁ)Z + (054 +a§4 _afz _aﬁa) +
(als +aly —al, —a})? + (al, +afs —al, —aj;)? »
2 2 2 2
(a%, + a3y —al; —a3s)?*]—

4(a}ya% + alsal +alials) =
ﬂ . 2 2 _ﬂ : 2 2y2
16 (;m,) 32;("1,' m,-)
4(at,al +alial +atal) >
28843 (V)3

BF 72V < ] ey BT

1<i<j<4
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(2 ) =5 D O — k) > 2883 V- 4ehal +abah +ahiah) >
1

<i<y<4
28873 V¥ + 12(ahaliahakiatial) ¥ >
288y3 Vi + 14443 V3 =

43243 V3
- $LikE
\ 2\ 2 4 : 4 29 33 4
(;mi) —E‘Z;mi> S;/—Va
JEEE.

¥ (12.9) ATRHY .
7-& m; %mﬁiWAIAZASAH E‘Jm,ﬁ Ax F)fxd'mljﬁf.(lzlvzvsvli) J:Bgcp
.68 RV,

4

r&§ i 3
2mi =S5 Vik o > mf—m))? (12.10)

i=1 1<i<j<4

Y EACS A& A A A A, R IE Y R B S-S L
8. '& m; ﬁm,?‘ ﬁ‘%’l%lﬂﬁﬁi/ﬁ;/\zf\sm F B,B;B;B, B‘Jﬁ}i—i A; f1 B, F)l"

4 4 3
Zm:'z(zmi_img)ZM(Vlvz)% (12.11)
i=1 k=1 3 9

MHMYMmEE A A,AA, 5 B, B, B; B, ¥4 1F M E & i %5 5 7.
iERl B AAER AKX 2.9 .18

3 4 _;.
ZBI<V1V2>3+ me'?<(MV%+%Em¢)

9
29\3/?7 4 4 T
(9 Vi+ ?2 )
2 mi 2 ym't
=1 i=1
# 2 B 49 BT L.
WmRERMRK (12.3) A, az{muﬁyj
9. (D) a3) =3 > af >216y3V3 (12.12)
1<i< <4 1<i<<d
. . 2\2_ 12 : 1 45\3/5 -
107, (Dmt) = F 2m! > ¥ (12.13)
. N (S 12 5\ 4°V3 2
11", 't (Zmt —mt) > S5 Vv S (12. 14)
UE % [F] L, M.
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Inequality in the Tetrahedron

12° . &Eﬁﬁi AA A A, Ej B,B;B;B, m&&ﬁ'%’]jﬂ a; ﬁ]bij ’yl‘ﬁﬁ*ﬂ
WEIERAEZR S H R R, r MR 7N

9 1 1
< < (12.15)
4RR’ = lg,g azb; 4
1 1
i B3 %r&*x%ﬂ Z =< % a} <16R?, TR %K, 18
<i<j<4 4ij 4r 1<i< <4
1 1 1 J ) | 1
= S = < = —5 =
1<i<j<4 a;b; o 1<igi<d (ay 1<§<4 b TN A 4 i’
1 > 36 > 36 2 326 - =4R9R’
1<ii<s Qi Z a;b; «/ a? V/16R?*16R
Isi<jsd 1<i< <4 1<i<;<4

HEEE.
13. #MmHE&E A A AA, 5 BB, B: B, K35 H a; Mb; SINEBR AN
Wﬁ@*ﬁﬁ%ﬂ% R,rﬁR'-r',ﬂU
144’ <48V3 (RRH T ()T < D) ayb; <16RR’  (12.16)
1<i<i<a
Bl dBFMAAERX, B

a,,b,, \/ @t > b, </16R’ - 16R”Z =16RR’
I<i<y 1<i<i<4 l<l<}<4

HABR V< z“fR (T[ @) * BV=8/37.78
1<i<j<4

6 103
H 4 > 2J2 V3RV r¥

1<

FR. A ‘ ,u/G\/Ha,,- by =

I<i<j<4 1<i<j<4
6+ (2/2VF) RErt « (2/ZVE)R'H7E =
483 (RR") T (m') %

14. ¥ A, A, AA, 5 B, B, B, B, B S510 V., V, , 00 6 &4 51
HS LW Fa<<i< 4,

7
%V%Vﬁ (2225481 F1 21232, 82 Fs + 2123 7,.83Fs 212238 F,) <

(irn)sli[sf]i[F, (12.17)

ﬂﬂﬁ %Elmﬁﬁ:A AAA, 5B B,B;B, 1,5 x, e R (1<i<4),H
A% LR 2 41) .18

7
%V%V% (12I31451F1 +11131'452F2 +11121453F3 +1'112173-S4F4) <

1
3

7
[%V? (zezsxSt+ 21252485 + 212,248 + 12223 SE) :| .
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4
[(gz;)“]jls,zj% [(in)a’ljpfj%:
(21')3HS‘HFf

R 12.17) ¥ .2, > 2. S.F; (x; > 0,i=1,2,3,4) ,U15 .
15. &Y HE & A A A3 A 5 B B, B; B, BRF 4518 Vo, Ve, 0 i i AR 4 51

7 A,
|:3—Vf (x2z32Ff + 21232 F} + 12,2, F3 +rlxz13Ff)} i

7 4
ZV?V% (Zoxszi F X125 + i T2 Xi T 1 X2 T3) < (ZI,S,-F,-) ’
i=1
(12.18)
Eﬁ(lz_ 18) ':P,/T:r\ Yi =I;S,~F,'(I,~ > 07i=19213v4) ’$‘ﬁ4¢m‘$mé\\
R (2. 46) ,18 .
16. P&k A A, A Ay 5 BB, By B, BIER 51 R VL,V TS M4 51R
a.'ipi(i=172!3’4) ’mUﬁ
4
(Ey‘) ! 2 33 (ylyzygsin a4sin BQ +y1y2y4sin 03Sin p3 +

i=1

Y1Y3¥4Sin azSin B, + ¥y y3 y4sin a;sin §;) (12.19)
T AT A H v A i AR A Neuberg—Pedoe BIARER, HAEL H =1
5 8.

iE,'E(I“Iz,.zg,x4)=(IL]—2)(Iiz—-Z)(%3—2)—{-
G262 o)+
E-9GE-2)E )+
922 az.20)

3I®12.1 HO<x, <1G=1,2,3,4)B x, +x, +x3+z,=1,0
ElxysEssZTyrTy) = 32 (12.21)

CiE RAZSREEE. R 222222, >0,F 0 =1,=1,=2,=

%»ﬁﬂ%%ﬁii,%‘ﬂlﬂ;%iﬂ Xy %<11 9/72’\ Vi =%,y1 =z, t+x4 —%9}'2 =

Tp9Y3 = X3 ,mu X +1'4 =M1 +y4 va:%
AE =E(Il y T2 T3 ’14)_E(y1 'YV29Y3 ’y4)=

(EE-)-6-a6 )G+ -2 )+
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Inequality in the Tetrahedron

G+ -GG ]G0 ) -
(o= O-%ataa 1o~ =24 (=1 (2 1) | =

Ty i 1_12 X2 X3
o) G =) G ) )

o Il+14 X2 X3
L P 1—2(x, +x4) +1—2:cz+1—213'

Eﬁ?ﬂi—2>o,i—2>o.ﬁﬁu=
Iy X3

g 1 _2>OBTJ.’EI]II+I4<'1—,_\E%AE>03
I]+I4 2

ﬁ 1 —2<OB¢,ED.1'1‘+‘I4>l!/§f\t=xl+l‘4’iiﬂir
T, + X4 2

t veg) X3 o t 12+I3:
P<1~21+1—212+1—212—1—2t 1—2x,
t 4 1—¢ _ —1+2t—2¢" 4 2z,
1—2t  1—2z, 2t—1)A —2x,)
—14+2t—2 +2eA—¢t) __ 2t—1 <0
(2t—1)(1—2x;) 1 =2

<

HILH AE > 0;
Y 2y + 2, = B BAEFRBEALES AE > 0.

XEREZET 3 KRR

1 1 1
E(I]sl‘zal}yl}))E(Zva?v ):32

1
n
S 12.2 WMWEMAE AAAA MAIEHEAR SA<i<4),4 S=
4
D18 A = (5—28) (i=1,2,3,4) ,
i=1 i
Auitaita + Aidahe + Asdehe -+ Ashali 3252 (12.22)
4
EB (122D R 2 =2 =1,2,3,4) 0 D r =1, BN AT 7t
i=1

(12.22).
51#12.3 RNUEEAAAA MEFAV.MEERIS A< <D,
uy

4

4 4
(2)8)"—2>18 >18J3V+ (12.23)
i=1 i=1

BUER A A Ay Ay N IE VY T AR B 5
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B iE A =Sl(s—2s,) (G=1,2,3,4) . f13% (2. 56) FIt (12. 22) 78

4

4 4 1
(2S) —23)st=237a81 > (34—7) " Qudeds FAsksde +
7o) =1

=1

A1AzAs +A24344) TV o

(34—7)— . 328V > 183V
17. Neuberg—Pedoe B A% K (F&it) . W& A, A,AA, 5 B,B,B;B,
MRS HR V.V, MEE S5 KR S F.(=1,2,3,4), 0
Si(F;+Fs+F,—F)+S;(Fi+F. +F, —F)+ 5 (F, + F, + F, — F) +
S(F,+F,+F,—F,)>18y3 (V,V,) ¥ (12.24)
YU AiA A A 5 BB, By B, #28 1E U KB RS S.
iER A AFER K (2. 23) 1§

4 4 4 L
1878 ViV +233SF < [18V3VE +2 3081 ]F [18V3vi +23 ]t <
i=1 i=1 i=1
4 4
8. > F,

=1 =1

BOARBERR 2. 24).
187 W& A A A A, Bﬁﬁiﬂﬁ VolEmRy Sa<i<o M

(>1s:)" — 254 54y9VE (12. 25)
iE @@ 59/
118 = :V%
= (3. 18) 14
3(3)st) —4> st =32][s,
TFRA
3(208t) —4> 8t > 1629V
19" . R IE & A1 A;AsA 5 BB, By B, &G54 V.V, T8 R4
B S Fi(i=1,2,3,4),
S8t (X F—F) =508 v b (12. 26)
HMEAE AA, A A, 5 BB, By B, ¥ IE WY 1 {4 B B 5
ER AT AR 3. 19) 18

4
54Y5 (ViV) T+ 4315t < [sw'v,a s 1 254}’
i=]

=1
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Inequality in the Tetrahedron

3 8 il_ 3 " %
[54@V;+3§F,J <

Zﬁﬁw
A2 T BE A8 BT iE.
20" . RNE A A A, As A, 5 BB, B; B, IR 51 K V., V, , il i i B 43
5“% S,‘;F,‘(l.=1721314)1mu

S SH(EF —4+F)> 1858381 /D FRVIV,  Qz.2n)

Mk A A AA 5 BB, By B, ¥4 IE M AR BUE S
iER  HX(2.58) .8

7 4
%V‘ St+si+st+sH< [[s
X 3.18) .8

2][si <3 (D))" —4>) st
H 675 3

(38) " —5 28t > 1845/ 2 st v?
AT A SR A
18V3/ 2 ST/ SR ViV + £ S SR <
1843/ S Vi+ 4+ s8R Vi ++ DD <
S g

AR Y B A BT IE. EEE.
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B R UIERR IR AE X

+

|1y

IR

MEERERX

13.1  HE&FE

770 0 T ke 7N 2k R AH B0 4 3R 04 4 32 O TR ) AR DR, OF R
S B4 H 0Y T R ERAF FE B VT ER.

EE13.1(Z) WNEE AAAA, FERTIRE IS
’E‘%%ﬁ%#ﬁf XisX; € R’ 'ﬁig

a; =x:+zx;, A<K<i<j<4) (13.1)

iE A M‘Eﬁ%@ﬁﬁ: A A AA, #E&ﬂ]ﬂi,$ﬁﬁﬂ

BUHRSHE AA, BUIR M, A<i<j<4) . HERONVE
KEH A

AM;, =AMy =AM, =z,,A;M;; =A,My; =A, M, =x,

A;My; =AM, =AM, =25, AAM,, =AM, =AM, =x,

FRa =2, +x,A<i<j<4). LDEHEIE.

A :HTFRA Lmn W EREREBHR=AEHNETE
FUERBFE="NE b.c.d . EB I=b+c,m=b+d,n=c+d,
RXEEL KA Lomon B =28 K BOAT # BV i 4& ABCD #)— 4~
ABCD.

R ABCD R YIEO, (B 13. 1) 5Kk n#34CD 4]
F 4 E,.# 4 CE =c,DE =d.
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Inequality in the Tetrahedron

[, a4 AACD WRHIE O,,5 CD #
PEBESE, WA 13.1, H O,E | CD,0,E |
CD,A It CD | ¥ O, EO,. inEid O, # 0O, 45|
YE3F i BCD M1 ACD ) FLk , & 114 [ 76 F f
O0,EO, W, Rtk b AH3E , AL H R O. h TR =M
SHEEBEM SN RES=MAEALCHEERT
=T BT AR T B EH LR BT LA O BIBR AB LISMEY
A AR AESE. B E AABD R Y1 & 7]
DIRBBR AC /M AR SHERNAO  EEED
5= A = ARSI R A B R R TR S s = R RS A
B SR (B =T M A9 F 4R . M4 O 50" [ =M D-ABC B F A4 E, X
F#ESL&E O, #HEFFE BCD HHL L ARA050 E4. XRIEATHO
BIAFBEIE S RERG VR, 5 ORERL , OF F442, B 4 14 i {4
ABCD H#YIEK. iE5E.

EE 13.2 wWHmE AAAGA FEKER, H e =2 +
r,A<i<j<4) . BUHERHIR M
det D,

A 13.1

R.2=—2detD2 (13.2)
Hrp det D, ,det D, 43524 4 Br#n 5 Br4751K, B
—2x% 2x1xs 271173 27174
det D, — 212, —2x% 2x.x3 21,74 I

2x1x3s  2xpx; —2x% 2xix,
2212, Z2xaxy 2x3xy — 275

0 1 1 1 1

1 —2x% 2x1x; 2xy713 271074

det D, = |1 2xyx2s —2xF 2x3xs 2x:74

1 2x,x; 2x,xy —2x% 2x37,

1 2x1x4 2x37¢ 273724 — 273

R R A AAA MBRTIERIER.OH As ,&VJBREJ&A;Aj i)
BAM; My =M,;) , HERMTRKER, FR&|AM,; =z, W a; =z, +z;, X
AsM; | AA; i |AsA; [* =R** + z}. d1¥l3€ (Cayley) EH,15
D(A:,A;,A;,A,As)=
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0 1 1 1 i 1
1 0 (xy, +x2)% (x7+x3)% (x;+x2) R"*+2}
1 (x;+x,)? 0 (2 +23)* (x2+zx)? R'*+z} _
1 (za+z1) (x5 +x2)° 0 (zg+x4)* R"*+ zk
1 (zy+2)* (2 +22) (x4 +25)° 0 R*% =2}
1 R ?2+42x R**+ x3 R*?+ 3 R** 4 zt 0
283 o B B AT B AR 4, WT G
0 1 1 1 1 1
1 —2x% 2xx; 2xy73 21174 0
1 2xyx2 —2x% 2x2x3 2x27y 0
D(A,,A;,A;,A1,A;)= =0
1 2zyx3 2xz,xy —2x¢ 2z.74 0
1 2xz2¢ 2z,74 2x3x, — 2x% 0
1 0 0 0 0 —2R"?
¥ BT 5 X% 56 5 SRR
1" =222 2zi172, 2x173 21174
1 2x,2, —2x% 2xyx3 2x,74
D(A,A;,A;,A L A5)= |1 2x,x5 2x,x23 —2x% 2x57,|—
1 2xzy 2x:x4 27374 — 22%
1 0 0 0 0

2R*% « det D, =0
il LR %R S — M THI RS 5 TRIF BT EEIER (13.2).
T 13.3 & AAAA FEBRVUR, H e =z, +
2, (1<i<j<4) . BeIEmEBEH R |

‘/ZR“ZZi (.1'11‘21'31'4)2 (13.3)

9
iER B A.18) .15

Vz =2_é—8‘D(A1 1A2 sAa 9A4 ) =

0 1 1 1 1

1 0 (1 +x2)? (21 +x3)F (2, +x)?
— |1 (x;4+x,)* 0 (2, +x3)% (x;4+x)? =

1 (z3+x1)? (z3+x,)° 0 (x5 + x4)?

1 (zy+x1)? (xy+x:)° (2 +x3)° 0

1
ﬁdet D,
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Inequality in the Tetrahedron

ot &5 (13, 2) BpeT 18 3K (13. 3) . jEEE.

EHE 13.4 V? =%[2(x¥x§xax4 + xixtix,xy +xtixix,xs +

xixiz iz, +xixizxs +
xixixyzy) — (2ixixl 4+
xixixl +xixizi +xixixl)] (13.4)
R ey =z +7,0<i<j<HRARA18) . BEA.
EHE 13.5 36VP e RE= (122t 2123 + 2124 2073 F 200700 F2324) *
(x1x T x324) (173 +2224) (124 + T273)
(13.5)
R mAA1D
36V? « R =p(p—b) (p—by) (p—b3)

b b b
H by =ay; ¢ ansb; =a13 * as by =ay * an ’Pz%- HF

a; =z, +z; A<Li<;j<4d)
e b
36V« RE=p(p—b,) (p—b) (p—b3) =
(x1xs + 11705 + 1204 X223 22204 H2324) 0

(122 T x3xy) (1203 T 20224) (124 T 2223)

13.2 SRR

BMNAYE: F5 R yx1 20, 25,2, BIESLIF E45 € HE.
1 @ UEEAAAA FFERVIER, BRYIBRER AR, PRI K&K K
Z L0
VR® < 1;—4
LHAS Y E A& AL A A A, R IE DY AR 255 ST
HLE, iR A3.3) FHMAFHEAFEL LKL A3 1), BEFXA3.6).
2", BHEE AAAA FEBRTIR a; =2, +2, A <i<j < D,

(13.6)

V'R)%xlxzxax,; (13.7)

M EAY PO E A A A, A A, R IE PO KR %S ST
iR HXA13.5 7%
36V* « R* = (r12; t o123 12y 2023 + 2028 H2374) 0
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(1727 +x374) (173 +2224) (124 + X273)
HEEAERS
(r1xy + 1123 + 1124 T X223 T 2224 +x334) ¢

(12 Fx374) (123 + Z22y) (14 F7223) =

6
6/ (1Z2X324)° * 24/T1 X323 * 2/T1T2XsTy * 20/ T X3 T3y =

48 (11121‘314)2
v LA VZ'R22i(111'21'314)2

3
H I EEE R (13.7) . IEEE.

3. CHRALAR . B35 30 Bk A A AA, FFEERDIER BRUIBRER AR,
|

3r <J3R" <R (13.8)

WHAL Y UK A AL AL A, K IE DY AR %S T

iERA  JEUER =>V3R".

B3R (13.7) ,(13.3) ,78

V:eR > % (z1x9237,) 2 =3VER*?

Fiy LA R>\3R*

HiFV3r<<R".

WHE A A A A A, BFIRRVIERERO A O,O fEflli| f, EHISEA P B
P, REFTEME AN ORF L2 d = 0P| (=1,2,3,4) ,

di=JRFT—7% (i=1,2,3,4)

BCH A T £ A PO IR R 3 U B 2 A

BT MEE AALAA FERUR SHEBEKWBR o, =2 +
2, (V<< i < j << 4) . DT &l i i 243 530

Si = [xexsxy (X + x5+ 24) ]% 28, = [y xszy (1 + T3 + 24) :]%

S; =[xz (@) + x5 +24) :]’;‘,Sz = [x1x225(x1 F 224+ 25) ]2

(13.9)
A A T P 0 [ 2 42 43 1 R

+ L

o [_F2XsXs \°* — [ F1Zaxs \°*

rl_(.rz +1‘3+I4) o (11+13+x4)

* 1

_(mTx T mxxs )7
”‘(1,+12+14) T (xl+12+13) (13.10)

Kkﬁiﬁn <12 <1'3 <xuﬂ'1
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Inequality in the Tetrahedron

rtxtxrs < x+x; t+o, <ottt <zt a;+x

T1XTo Xy & T1X3 T4 K TIT3 T4 < T T3 Ty

i LA
1‘11721'3(1'1+1’2+13)<111214(I|+Iz+l’4)<
111314($1+13+14)<
121314(12+13+I4)
T1Zyxy  _ Txxs . ;mixp (st x)(xs —xy) 0
x, +x; + x5 T+ x, + x4 () +z; +x35) (2 + 25 +24)
EI] X1 X2X3 L1 XXy
otz txy S xtx+x,
¥ 1T X3 L1XX4 L1 X34 Xy 3y
<
ﬁﬂmﬁl)+12+13\11+12+14\11+I3+x4\Iz+13+I4
FTEA S5 <SS, <SS <<
FIt A VR —ri >R *—ri >2/R*'*—rt > /R'*—
id d;=/R"*—rl (i=1,2,3,4)

_‘i%ﬁ d—’\/R Z_r‘ x R-t__r =d (l=1,203,4)
hEEERAR R K ERF SR, A
4 4 , 4 1 4 4
r;sf=§dis.-< Z}d.-s.-gzg;d;;si

=1

HEE Zr? = 8%,

1 : 1 : 2 ¥ 1 %2 2 % 1 %2 4+
rgfgd,gf(z;;d,.) =< 4R ~§r,) <5 UR™ —87)7

WMA8 3~° < R%,B3r<R

ML B UE B AT 24 B AL S Uk AL A, AL A, R IF DY R B S 58 5T . AE

. |
i ABAERX AR TF 1995 FEM , 2 A% 3 35 K F 2001 4
HEBH.
4* . wEE A AAA, FERVIER . BYEREZ AR W
8°R* <V %mwgﬂw (13.11)

MHAY Y E A ALA, A A, R IE P 1 A S5 S R ST
iR SEUEV >=8r°R”
BT S = [z2257: (@2 + 23 +24) ] 78 = [11 2324 (21 + 23 + 24) ]%
S; = [xix2xi (1 + 22 + 24) ]% Vi = [Tiasxs (xy + 22+ 23) ]2
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Sz 0 i R R A A E A R
V:%f(sl +S,+S;+SH) > %"*/g (1112-1'31'4)%

2

i Vi3 (%) x Jp— (13.12)
M (13.12) ,(13.3) &
V>3 (%)Zrz . (%VR )=8rR"V
it V>8R
ﬁﬁvgz—g@rR%L%rR”.
B (3.9) ,(13.30) , &

S<B(Y 4,)' <2BR+RY

o 36 1<i<j<4
FR vels<¥B@ R

ML B E B T 0% LS D AL A, AL A, S IE DU (B % B R . i
3 |

5. W ALAAA, FEAERYITR B MIBRER Y R U £, 197 S0
PR r(i=1,2,3,4),1

4

1 6
; 5 = RZ (13.13)
L EHACY UE A A A A A O IE YT (B 455 BT

iE BA EHEE 13.19§EE‘$A1A2A3A4 ﬁE&ﬂ]ﬁﬂ‘f’ EpﬁE Z; €

R* (l=1,2y3y4) 9& a; =x; +I)(1 < i <_] \<\ 4)- Eﬂif:(l?:.‘l)ﬁg
V? =% [221’%1%1314 = ZI%I%I%]
S ilE forgxﬁ 2%21?3:%1314 (13.14)
BHMNY z, =2, =2, =z, HEFHIL.
Bk (13.14) , A
V2<24—7(11121:3x4) 2 XX ; (13. 15)

1<i<j<4
X@X13.3) ,H
% (1z2232)* < R*2 » %(111’21‘31‘4) > Em,

1<i<<d4

Tt R2> 3z 12,2374
- XX
I<i<j<4
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Inequality in the Tetrahedron

E XX
- 3 < Isi<i< (13.16)

2 Y
R* T1XT2X3T4

= 13.10) , A
" 2 2 Xx;
Ty = (13.17)
R (13.16) AR (13.17) BIAT 18K (13.13). ML EAYIERA o] J1 % 5
RS BA S T iR Ay A, Az A, R IE PO 4. EEE.

F &3 K 10.18) Z_‘, rl—z ,75 <) rl_z\% FRESr<R".

R"2 T

XEPRR (13. 8) M A %R,

A& (13.13) AT LABNGER Y -

6". '&mm{*AlAzAa/h ﬁ&&wﬁs&mﬁﬂé&ﬁR' ,Vi’ﬁﬂﬁﬁ#ﬁﬁéﬂa rs
M £ NI RER r (i =1,2,3,4), 1
WHA Y UE A A A, A A, 9 IE P K2 S R

R XA DAH

S; = [Ze g3z (T3 + 235 + x4 ];_ 1S = [mzszi (@) + 23 +24) ]317

Sz = [:1'11'214 (I] +1‘z +1'4)]—7-17,S4 ——‘[IlIZI;(I] +Iz +l‘3)]%

:,‘N| —

(13.18)

55 ly] (2223 +x3z4 +2422) 2 — 322524 (22 23+ 24) =
izl t izt +xixl — (xixsxy +xxiz, +xox322) =0

FT LA V35 < 2225 + Zs20 + 2422

R V3S, <xixs+zsx, +202 038 <212, + 1024 + 2475

Fir LA V38 < x1zy + 2225 + 2374

FR  IS=B3(5+5+8+8)<

2Cx 12y + 1 Z3 + F1Xh + T2 + TyTh T+ Tize)

2 Z XTI ;

4
MR A3 1A D Lzz 1<ici<t
=1 T X1X2X3X4
2 I j
S 1<i<j<4

1 (13. 3) &V——rs,45

:‘N[r—l

L1
21‘11‘2131‘4 «/37111'2131'4 ‘/_ g
b
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7', WEE AAAA FERVIER BRYIER¥ERN R
(IIs) ¥ = 2RV (13.19)

WMEAYS A A A A A, R IE DY T A 2B AT
iER  BmRA3.9) FIHAYEAER. B

4
HS,r =9 (ryT2Tsxs) (13. 20)
=1

B3 (13.3) & (13.20) AT48 X (13.19) . M EA EMIEB AT 51455 S 24 B
{24 PO Ak A A, Az Ay R IE DY T AR A JIEEE.
8" . WM& A A AA, FERUIER, BUIBR¥EE AR LN
1 1

RRIS 2§ (13.21)
1
WHAY UE & AAAA, O IE DY iR 455 BT
Y » Xy i
ER Hif D P (13.22)
g 13.9,03.2D) ,%
1 1 =
Z Sf _E Zox3x4 (X + 3 +24)
1 vl 4
1L 2X3X4 X +I3 +1'4 /3111‘21'31'4
(13.23)

i (13.3),(13.11) % (13.23) ,78

1 8 1
2 3§25k > R
A b B UE B W] 455 RO X B R A AL A A R IE PO E R ET . IEEE.
9. &mﬁwAlAzAqu ﬁﬁiﬁﬂ]ﬁﬁ,ﬂ a; =I;+1,‘(1 <i <jJ <4 ,BI'J

rV< %—gxlzg.rgxq (13.24)

iERE @R 13.3),13.8) A4 (13. 24) WL
10%. &Fﬂlﬁﬁi A1A2A3A4 ﬁ&&mfﬁoﬂ a;; =1‘;+Ij(1 <i<j < 4),
-

r<J§V411121314 (13. 25)
el @XA3.17) ./

2 Z TiX;

4

EIL_ 1<i<j<d
2

=1 Ti

| & L1 X2 X3Xy
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Inequality in the Tetrahedron

Hepor RN £ G=1,2,3,4) BATIE¥ECFRD. XhA%FRK

1 2
By

Z Zx; 1
- 1<iz <4 <5 (13. 26)

X1 X234 r
M (13.26) R¥EAERB

r2 < v o T o T o < - L1 X2 XT3Xy =l T 1 XT3y
> 2, 6V @zzz’ 6
1<i<j<4

B B AT A8 (13. 25) . JEEE.
11", BHEEAAAA FERYIER, Um £ EFRRS,, AU E k2R
ri(i=1,2,3,4) omﬁﬁiml’ifﬂﬂ?*ﬁﬁ rsﬁl']

Zsi§<1718(2%)2<# (13. 27)
WHMN S MWE & A A A A, R IE U E &R RS S.
Je Uk B — 45| B,
S 13.1 #ax,>00i=1,2,3,4),0
( Z 1',-1,-)2 =9 (11121314)%21$ (13.28)
1<i<j<4

YHMNY 2, =z, =x; =z, BIEES.
iERR  FHPIA&BIH (Lagrange) 7. TR (13.27) KT 21,22 ,35 24

E?FU(H%B‘LX%&ZII =1(z; =>0,i1=1,2,3,4).1%
f=( 2 za;) =9 @zasz) ¥ Y xd

1I<i<j<4

AF=f+2(Dlz—1),M

2
F,=20—z) 3 za; _Mzﬁ s

1<i<;<4 X ;
12 (111213I4)%'I%+A:O (l=19293;4)
F',l —F’_,2 =2(x; —x1) { E x:x; +3 (x1x2x3x4) e

1<i<;<4

{(15‘ +z7 25 +23) 21% ——21,1*2:[ ]r
z T 1 z =0
T1x:(x?F FxFx7 +x3)

BT F +aizi +25) Daf > (@f +xt25 +a5) (af +23)>
31%1? . 21%12% = fxiax;

Fﬁv/l Li =3
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FIEAE z, =2, =23 =z,. TRUBHE—HAH 2, =2, =2; =1, =%

’E

FTREIEER A3.27). B 13.22) 774

Lz 1 _ 1 2
23 St ED Tyx3x4 (X + x5 + 24) 1112131423 S S
4 1 2 2 I j
A= (13.25) 18 Z 5= 1<i<j<4
i=2 i T 1 XT3y

EER (13.27) , HEFH

1<i<j<i
X1 XaX3X4

1 X,
< =
11121314212 + x5 +14 7

2

2 I ; ‘
HEEM

2713121314212_*_;—;_*_14<( Z .l',-l‘j)z

B EAFEX, REIEY

VA S S o 2

I

——— i
3'\/1'21'314 1<i<|j<4

N
\d
N

K

REUEH
9(1112131‘4)%ZI$<( I)

EDHR(3.28). Xt D) 5 < 7 ABERFGR .

di= (13.21) f1(13.27) 18
12. @UMEE A AAA, FREERVIER B UIBR$4E R R, DU T 4 1 S 82 2R
EREMATIBRERS I R, r, NEAAKMERAY S (:=1,2,3,4) ,0

1 L. s
RS 2 5 <z (13.29)

LEMYMEK A A A A, R IEME R RES.
13", RMMEE AAAA FEBRUR, BURERLHN R q; =
|[AA; | Q<i<j<4),M

C > e <T2R+R™) (13. 30)

I<i< <4

WMHMY AAAA, HIENEERRES.
iER @ 13.1),013.3) ,(13.4) ,(13.5) 18 (F Maple 4B FF)

2R*+R)—( D) a;) >0

I<i<j<d
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Inequality in the Tetrahedron

_2'(1—[11)2+2( Z IIJ) H(1112+1314)-

1<i< <4

—(zlerzl‘z-’n Er,xzx§) (21, —

_2$11213+ 2111211 (11-1'21314) -

sym

3.2_2 3_.3
3 E fo i o 410 o o —3 E TIX3 XX -0
sym

sym

A% a+b>2Vab, 1B

—(2111213 + 1223 xixix?) 2(111213 + rixixixl) >
sym
2
?;’:x?x%xgx. (13. 31)

MAER ' +6° > 2a0,18
2111213 Exgxg(xf-{-.rf) 22212131.14 (13. 32)
HAZER o° -i—b3 zb+b;:",1§ .
Mzlztad =D mlzi(al+2}) = Dlzlzilaln. + xiny) = 21112131.
sy svm

(13. 33)
3% (13.31) ,(13.32) ,(13.33) 18

%E.ﬂx%x% +% (z1x2x324) * + izxﬁxixi =

T [EI]I213 +12 (x1x223%4) :l-l-—( 2x11213 + Elll‘zxz =

sym

3 E xixiziz, +§( 2:13’151314 +2 E ST L1 Tp) =
ym sym sym

4 4

5 E zixiziz, +3 2:12131114
sym sym

FRE 8V'R* +8V’R"? —V* (3 z))°
1 AT 48K (13. 30) . IEEE.
147, RMUEE AAAA FFERVIR R IIBRERA R

> & <Zrr+ LR (13.34)

YHMYMmEE AlA A A, 2 IE MY E B EES.
iFAR @ A3.1),013.3),(13.4),(13.5) 8 (A Maple %4 B F)

ﬁg.z QZZ_Z [ Jp—
eV B VR —V > a

1<i< <4

>
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%(H1’)2+%( E I"Ij)’ H(1112+x314)—
sym

1<i< <t

1 E: 2,2 2: 2.2_2 :

3(2 X1 XpX3X4 — xTixsx3) * E (I.’+I)‘)l=
sym sym 1<i<j<4

%21?1215 +;21—§21?:r§x§ +% (1x272374) % —
sym sym

4 8
15 Zx?xixsn = szixﬁﬂx. — %21?13131‘
sym sym sym
HAER a+b>2 Vab 18
21?1213 + 12z¢xixixl= Z Cxtxial ¥ 2lxizizl) = 221?.&1314
sym sym sym
(13.35)
MAER +0*+F = ab+ bc +a\id
Er?x%xﬁ — 21?(1‘%15 +xixi +xixl) >
sym sym

er (xoxixy +x3xia, +xixiz;) =

sym
211151314 (13. 36)

sym

HA%ERK o’ +b* = 2ab,18
Exfxg.rg =Er§x§(1§+1f) 2221‘21@1,14 (13.37)

sym sym

HAER o’ +6° = d*b+0a, 18
Dataial = Dzlxiai+ 2 = Datzilalz, +alay) = ) zizizlz,

sym sym sym sym
, , (13. 38)
i1 (13.35) ,(13.36) ,(13.37) ,(13. 38) 7§

N

xix} +%2ﬁx§x§ + % (T X2x32) 2 =
sym

M

B
:}N

x5 +11—5[21‘§I§1§ +12 (z,x27324) 2:|+

g
=

—ro

x3F %zxfxgxg >

oW

L1

sym

42 2
X1 XT3y +EZIiI§I§I4 +
sym

o Gl Slo Sl w|—

8

2
xixiz, + ) X 22121§1114 =

sym

—
($2]

izx?xham +ﬁ21§1§1§14 + izxixgxwm
15 = 15 o 9 -

FRH Byige + ZyveRe: —v: 3 af >0
1<i<i<4
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Inequality in the Tetrahedron

T8 (13. 34) . jFEE.
b g D) @} < 14R*+6R*?

1<i< <4
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KT HF 5K Y i fA A9 ANSE X

-l

MEAERER

14.1 B DY A

14.1.1 &5 m

fEWUE & PABC w1 ,% /APB=_/BPC = /CPA =90°,
RCRE R DY R 4 B A k. ' m APBC,APCA,
APAB, AABC W5 35 Sa+Ss.Sc.Sp, SMEE #) ¥ 42
%ﬂﬁwmﬂiﬁ%ﬁﬁﬂﬁ RA sRa -RCvRP;rA 27 yrc,rp.APBC,
APCA,A\PAB fJEH AABC il B A K ER DT HNH a,
B»ysPA=a,PB=b,PC=c,J&HH AABC K& Nk, WHEE
PABC MSMERERMAVIRERTHIAR, 7.

R 14. 1. Si + St + St =St 14. 1D

MR 14.2. cos’a + cos’f+ cos’y =1 (14.2)

WR143. = (14.3)

14.1.2 WMH

1. %T"<a+ﬁ+7<1r (14.4)
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Inequality in the Tetrahedron

ﬁEHB E%Gvﬁ!Vﬂﬁ%ﬁﬁsﬂﬂiﬁ(l‘LZ),ﬁ
cos’a =sin’f — cos’y = (sin f — cos ¥) (sin B+ cos ) > 0

Tk sinpg> cosy=sin(%—)’)
L B>y, Bgtry>S

G )’+a>%,a+ﬁ>%
PA b =4, % A5
atp+r> %"

A 14.1

FishBa=T —d =5 r="5—

Yo We' 8y ¥R, Hsin?a' + sin’g + sin’y’ = 1. M &K ik
ABCD-A,B,C,D, ,{#1% DA =sin o’ ,AB =sin g, BB, =sin 7', /& 14.1 fi§
& £/DCiA=qo', LAC,B=p', /BD,B, =Y. # AC, 5 BD, %&£ F % O, |
¥ ~/DOA =24", L AOB =28, /BOB, =2y". T = I 1 #9 4T 5 % 1 £
MAFHE=1mMA, M

2¢’ +28' = /AOD + /AOB > /BOD =n — 2y’

FiF LA Y >
FR atB+r=— G+ +7) <n
iE.
2" 3(/34+1)r<<?2R (14.5)

Y ALY o =b=c HR%S.
EH 4D EPHERSR AR — LT R SRR AR

R=VTFTFE, &
1

—abc

| 2
1 1 1 1 %2, .1, %2 .1 2
7(Ib +?bc +?ca +«/(?ab) + (71)(2) + (—z—ca)

V3abc =«/§«6/a2bzcz Vab « bc « ca
W3 +1) (@b +bc+cwa) (3+1)@h+bc+ca)

J3 la* +b° +° .ab-i—bc—}—ca
3 3 =\/a2+b2+cz _ 2R
W3 +1) (ab + bc +ca) 3(/3+1) 3(/3+1)
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3", Rg%RP (14.6)

LYHMNY a=b=c B RFS.
iERl 7 AABC 9 ,f Neuberg A%, 8
AB? + BC? + CA* < 9R?,
HF AB* =a® +b*,BC* =b" +¢*,CA* =c* +a’*, Fi LA
2(a* 4 b* + ¢*) < 9R:

X F 2R=va" + 6"+
BT DA 4R* < 9R}
By R< SRy
£ _+ +rz 2(2ﬁ2+3) (14.7)
C

HHMNYa=b=c HTIKX%E}.

+b— y/ai-l-b2 ab
EB BT =% = =
ol a+ b+ +a* + b

ab
@/‘+1)«/7a2+b2

B A < @v7+3) (3 +57)

A® < @/Z+3) (a—z+c—2) A< @I+ (F+5)
DAL= AR, BB 14, 3,8

ol
l+r12+ (2f+3)
B
- L+i+i<_3—~/§ (14.8)
a b c 2r

WHNY a=b=c BIIEE.
iER RN 4.1 REEHAER.F

3V ; abc
T gp— <
S ab+bc+ca+/@)ZF (be)’ + (ca)?
V3abe
(1443) (@b + bc +ca)
5 70 7] 74 T+l4 1<3‘2ﬁ
.
. 1,1,1.2-43
6°. a2+b2+cz/ 2r* 4.5
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Inequality in the Tetrahedron

YHNY a=b=c BBRFEFS.
iERl  ERME 141 REFHUARER A
3V abc

=t >
S ab+bc+ca+V@):F (be)’ F (aa)?
abc
(1+J§)s/(ab)2+(bc)2+(ca)2
4 1 1 _‘2—43
sl + + 2 = (\/—_’_1) T o
7. 2ol g—"(“é")z (14.10)
MHMNY a=b=c BHRES.
) - 2Sp L
= P = TAB|+ |BC|+ [CA]

V@) 2+ (b))’ T (ca)’
‘\/a2_+_b2 +Jbz+cz +x/(.‘2+a2
abe

2\/(ab)2 + (bc)? + (ca)?
HEAR — JUTEHEAEX.F

rph=

abc
Vat + 6 +b+cE + e+ dE
abce < _abc =»\/3 (abc)?
2 \ab +2y/bc +2Vea  6yabc 6

HFEE.
8. h<2rp (14.11)
@) F (b))’ F (@)’
i85 rp = ¢
D EFEAVEFE AT
abc

@) F (b) F (a)?

iE A

BEAEXEMT
abe(JZ 0 +VB + & +VEFat ) <V2[@) i+ (be) P+ ()] &

N ltll g )

/%I=lz,y bz.z z.ﬂrwﬁ&z+y+z—1mWT%it%mi=

a

BN
zbz + b +bﬂ

Ve(y+2) +VyG+z) +vVz@x+y) <2
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HAEAR — JLAFHIEA%FX

1 2z+y+2z_ 14+=x
Ve(y+2) < =vV2x(y+2) < =
TRTE S Yy 22 2z

[l y(z + ) 1+y welxr+y)

242 2«/_
14+z  1+y 142
iz (y+2) +Vyz+z) +Vzx+y) < + + =
x(y+=z y(z+=x z(x+y i 22 i
9 . A< (V3+1)r (14.12)
YHMNY a=b=c HBRES.
EH = abe >
ab+bc+ca++(ab)*+ (bc)? + (ca)?
abc o= iy
(1 +3)V @)+ (bc)* + (a@)?  1+43
10. (XA 4) atb+ct+h=(10+4y3)7 (14.13)
BHMNY a=b=c HRFS.
iFEl  S5A h =acos a =bcos B =ccos ¥ (14.14)
B 1D H 11,111 (14.15)
r a b s h
X (4. 14) , (14.15) 1%
h=(cosa+cosf+cosy+1)r (14.16)
TR
a+b+c+h=( 1 1 ! +1)(cosa+cosﬁ+cosy+l)r=
cosa cosf  cosYy ’
1 1 1
[ (cos a + cos B+ cos 7) (COSa+COSﬂ+C057)+
cos a + cos B+ cos ¥ + 1 1 41 +1]r

cosa cosfB  cosYy

i X (14. 2) Hl cos’a + cos’B + cos’y =1. BT LA
0 < cos a + cos B+ cos ¥ <<+/3 v/cos’a + cos’B+ cos’y =43

TRA
cos @ + cos B+ cos ¥ + 1 1 + :
: CcoS a cos f3 COS}’/
9
COS‘1"+'COS'B_+_C°S)l-*—c:osaz-i—cos/?"":os7>
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Inequality in the Tetrahedron

V3 +==443

9
J3
5 A

(cosa+cos/?+cosy)( N SN )>9

cosa cosf  cosy) T
Matb+c+th= (9+4/3 +1)7r=(10+4y3) r. iEH. 4
11. (XA 4 abch = (144 + 8443 ) r* (14.17)
WHMNY a=b=c HRES.
iERl BT 1=cos’a+ cos’B+cos’y = 34/ (cos acos fcos y)* >0

1
v LA 0 << cos acos Bcos ¥ < ——
B, (cosa+cos B+cosy+1)* (3«/cos acos fBcos ¥ +1'
cos acos fcos ¥ = cos acos Bcos ¥

[3 (cos acos Beos )’)1"12 ~+ (cos acos fcos ¥)~ T 1>

[38 (3y3) % + (3y3) ¥ ]' =144 +84y3 (14.18)
R (14, 14) ,(14.16) B (14.18) &
e = ey = LR B TED 1 > (1t 845 ¢
EEE.
12°. Sp < Sa+Ss+Sc<V3Sp (14.19)

iER UTFUERHARAER. AKX A4 D) KB FHAEL A
(Sa+ S+ Sc)? < 3(S4 + S+ S&) =3Sh
F 7 Bp Al B EAEASE . IEEE.
13* . z,y,z ERZIEH, N
(xSp+ ¥Sp+25c)2 < Sh(2? + 5y +2%) (14. 20)
na:: %’(12+yz+zz)_(ISA+ySB+ZSC)2=
(St —Si)z® + (Sp — Sk y* + (S§h — Sk)=* —
2S,Spxy — 2SpScyz —2S,Scxz =
(S, +St)x*+ (Sh+Sk)y*+ (Si+Sh)z* —
2S85ASpxy — 2S5Scyz — 25,Scxz =
(xSp—ySa) "+ (@Sc — 28 * + (¥Sc —2Sp) ' =
mE L (Drit+rh+re<9(3—2y2) 7k
@ 4+ 5 WIS

31’1:
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3 r g“/—g—;ﬁrp.

DLEAAE S ELAL % o = =c B S
14.2  Fii Y ik

14.2.1 WE51%R

FATTFR = 25 0 B 4 ) 4 55 F9 0 T 4 Ay <5 T I T
BWE K A A, A A, 55T PO, LA £ f b e A
0, A<<i<j<4).
By JLAoT 44 S5 5 A
R 14. 4 %Emﬁﬁi@alz Q34 Q13 T Aoy 9Qyy T dAps
& 5, =S8,=S;=S8,
S012 =034 y6h3 =024 610 =023

14.2.2 MH

1 WA E P E & ABCD f) 4h 3R 2K 7 1 9 B3R K 42 4 814 R o U
AABC {4 H2 5 2% A P D B2 24 31 R o W U

3 B—g—ir'gR<¥R' (14. 21)

% HAX 4 U & ABCD J iF U i ki B %5 5.
iERR & BC=AD =a,AC=BD =b,AB=CD =c. AB,AC;AC,AD;AD,
AB B‘J%ﬁﬁ%‘]jﬂ 010,05 vﬁl'J 0, +6,+0; =mEEEﬁﬂ‘2“PH‘J’fE%iQo7§

1 — cos?8, — cos®*@, — cos’@; =2cos 0, cos §,cos 0,

i3 (1. 20) 18 V=%abcT
Hd TP =1— cos’d, — cos’; — cos*f; + 2cos 0, cos @,cos 6; =4cos 6, cos 0,
cOs 63. :F'%

4 \%4 Z%abc v/cos @, cos §,cos 0 (14.22)

XA A.17) ,4.22) ,48

R=ﬁ,«/(az+b2+c2) (0" +c* —a*) (& +a* —b) (@ +b —cP)

ﬁ,«/(a2 +b* +c*) 2bccos 6, « 2cacos @, * 2abcos §; =
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Inequality in the Tetrahedron

@«/uz + 5% + ¢* (14. 23)
M 14.23) RE=AEPHA%ER 36r" <a* + 6"+ <IR 18

X 10.18) ,F

4 2
S

r

~

)

P LA r<r
F R (14, 21) B3E. IEEE.

2. 18 % i DY i 4A 9 fll '§ ABC ,ACD ,ADB 5K BCD {4 B 3¢ i) — T f 4
A asBsy, M

(14. 24)

w|>—-

2 cos’a =

WERA DU A P A SR E B 19
cos @ +cos B+ cos y =1

F R cos’a + cos’ B+ cos’y = % (cos a + cos B+ cos ¥)? :—é—. jF ke,

iz fflsin’a =1 — cos’a %, A :
3. 8% T Y & i il 'g ABC,ACD ,ADB 5§ i BCD fif 3¢ i — 1 £f1 43 5
#Ja,,B,)'»ﬂI'J
> sinfa <3 (14.25)
M55
4, 5 % T DY i A A |5 ABC ,ACD ,ADB 5 i BCD Fr 3& (9 — 1 £ 43 31
i‘lasﬁsrvﬁlﬂ
D sine < 2v2 (14. 26)
5. % % 7 Y 1 44 f) 00 if ABC , ACD , ADB 5 Ji€ i BCD Fif 3¢ ) — i £f1 43 5l
ﬁavﬂv)'v')'l']
> sin asin < 5 (14.27)

R E & ABCD B9& R k. H ABC =1 EM&E 28R A, shy by s 5
5 sin e =hi % FRER 4, 24) , (14, 23) 18,

6°. Ehil<2—i—§ 4. 28)
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18
h? 3h*

8". iﬁ%lﬂﬁ%&&&&%%ﬁ@ﬁﬁi& %lﬂlﬁﬁil’\]&—,ﬁ,ﬁPﬂ%
M fEIBER R r BB R AA, NBEB A, A<<i<; <4,

(ri +7r+r; +"4)2 < %[(hlz "*'hsfa)2 + (hyz +h24)2 + (Chyy +h23)2]

7. < (14. 29)

(14. 30)

4 HAX Y &P 2 04 i A N O B SE S BROT.

iERR WK 14.2 ffR, it & PYEPE | f\ FAEMEPE | f, FAF.E
PQ | A;A: TR Q, TR

ri =hssin/ PQE ,r, = hg, sin/ PQF 4,
P LA
r1 +r; =hs (sin/ PQE + sin/PQF) =
2h., sin £ PQE + /PQF |

2
4 -
cos / PQE — /PQF <
2 [
2h—34 Sil’l LPQE + APQF = 2h34 sin 0;2 43
2 2
A 14.2

Iﬁ]ﬂ r +r3 < th.‘Sin%,rl +r4 < 2h235in6'_é4'

ry + 1y << 2hy,sin %,rz + 7y << 2hy3sin ezﬁ,n Ty < 2hlzsin%

%thﬁiﬁ*ﬁbﬂ#‘{iﬁﬁj 012 =03 =a b3 =0u =,3’014 =033 =7v1§
3Cr 1+ 75 1) K 2wz +hs)sin 5 + (g +hoysin fzi + (b +hz)sin %] <

2 [Chiy +ha)? 4 Chag +ho)? 4 Chyy +he)?] 7 o
1

2@ o2 By 2 Y\
(sm 2—|—sm 2-+-sm )

2
H Y T A R e B, R
7 S, =S;cos 6, + Sscos 613 + Sicos 6y,
Ehvsl =85, =85; =85, ’ﬁ
cos 1 + cos 6,3 + cos @y =cos a +cos B+ cos y =1

FE sin %—f-sinz -g—i-sinz %=—;—[3-— (cos a+cos B+cos y) =1

ﬁ& 3(ri+r,+rs +r) <2 [(hlz +h34)2 + (hy; +h24)2 + (hyy +h23)z]%
AR TE W45 B, B DA B UE R 5 A2 BAL Y P A O R PG B S S BT HIE B
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Inequality in the Tetrahedron

9. R HE & A1 A AA, BFRERUE A, P 2 MW EAENE— &, A P 2 &M0
Ef.mﬂﬁ%jbru?“%bﬁ}ﬁAi%ﬂﬁ%ﬁRi(i=192q3,4) JUJ

DIR =3>n (14. 31)
Y HA Y E A A AAA, HTEL R, P RO ES.
ERR AP MERKLERME f FAB,icl,=PB,(i=1,2,3,4) , UM
1 AAAA, BMTERK S L

A, B, L \%4 & :V_VEEWPAZAEA4
L VEHKPAZA3A4 ! ly VlﬂﬁiﬁiPAzAam
T R, -:—’S=r25+r35+r4s

EEH;Z 1 FﬁuRl/rH-ra-i-n I_]E

R=>n+ri+ri,Ri=r+rn+nrn.Re=r+r+r
LA B A i, 18
Ri+R;,+R;s+R, =30, +ry+ry +ry)

MHNY r,=0G=1,2,3,4) ,BDUEEK A AAA, B B
FO PR H P oA Y A 2O B SF S L. GRS

SR, A SE R , P

Ri+R,+R;+R, =3y +1r;+7r3s+1r)

— KA BRERBRE/REZH — EEEARF
KWBERME. FLE, EXNTHE 14.3 PRARMBIE 4 CD
INTRY S N YA 8 14.3

B8 XNT—MMEA&, 5L :R +R, + R +R, >

22 (ry + 1+t

14.3 F M mm &

?ﬁﬁ]ﬁ‘ﬁ%’!&*ﬁ%ﬁ@lﬂﬁ%%ﬁ@ﬁ%.
P RIENEEA AAA WEE— &, WHEKEHN A, P BIZHK
AA, Hﬁﬂﬁ%ﬁ%ﬂ?yh A<i<j<4d, N
S hy 3*F (14. 32)

1<i<j<t

§E1R§ P ﬂ]@ﬁﬁiﬁ\u‘\z./h& H(JFF’L‘)HTJEX%%
IERR AN 14,4 FiR,RUEAARLL AA;, IBRA HmARG, (1 <i<
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j<4)1 ia,'ij'i\ P@J%ﬂ“mf.mﬁ%ygr.(l21,2y394),ﬂ5 PE_Lf[sPF_Lfg.
mJ_AgA.[’ BI‘JPQ_LAsA,PQJ_AsA,Eﬁ PQ= h:iquE= r“PF= 2. :j:%
ri1 =hgysin/ PQE ,r; = hysin/ PQF

BT LA ry + ry =h; (sin/ PQE + sin/ PQF) =
2hs sin LPQE —; APQFCOS LPQE ; £LPQF =
Dhyysin SPQE - LPAE _ oy sin %
s 3 4
5 50 sin == =3
& rtr < szhu
[] 2 ntrs < thza A, Ay
[¢]
o B o 4 B, y
3 3 3
& 14.4
rotr < %husra +r < %hlz

ﬁlflifiﬁﬁbﬂ ,#ﬁiﬁﬁﬂ h=ri+tro+ri+nr ’ig
%( 3 h;j)>3;r,-=3h

ST B 15 T .. §E . it
2* -&P%IEEHEWAIAZA:!‘AM W'HZ:%:—}\E\(» P EU%WELB‘JEE%%J Yis
BERAA, B, A <i<<j<4).l
Sr=i 3 oK (14.33)

1< <
HHMXEA P RHENHEE A AAA, PORRES.
WERR AN 14,4 PR, B 3K (14, 32) BIEBT AT AL
r1 =hysin/ PQE ,7, =h,,sin/ PQF
FRE ri+ri=hi(sin®* L/ PQE + sin’ / PQF) =

Re[1— %(coszLPQE + cos? / PQF)] =

h3,[1— cos(/PQE + /PQF)cos(/PQE — /PQF)] >
2

h§4 (1 — COS 634) =§h§4
ZE:! SR T Rt S T B P
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Inequality in the Tetrahedron

At > Zhlrd 4 > S,
FBLEA A, 78
4
2
3) > P hi;

'E}E"Méﬁ)ﬁiE . o
P RENMEK AAAA AEE—S.PETAA MEEXN
R.-(z =1,2,3,4) , BBk AA, WEEBEAH A, A <i<j<4),0
SR<2 S R (14. 34) 4
i=1 1<i<j<4
%ﬂﬁl%,l Pj‘jIElmmﬁiAlAzAsfh EP‘[:‘HTJ'HI%'%‘
WERR B EHMAMRAR.AE 14.5 fiR. &
A, (OyO.Zﬁ) vA;(2,0,0) ,A; (— l,ﬁyO) ’

A
A(=1,—y3,0). 5 P B EARIEN oyrz). -
AP EOHBALIEH (@:bic:d) H Y a=1. y
HF&A PAENEEA AAA W, BT a,
bycyd > 0. XAZ
HEORPRER, A o
2=2b—c—d,y=+y3(c—d),z=2/2a
TR Ri=vV@b—c—d)?+3(c—d)? +8a—1)°

R,=v/@b—c—d—2)?+3 (c—d)?+8d?
Ri=vV@b—c—d+1?+3(c—d—1)% +8a?
Ri=v/@b—c—d+1)?*+3(c—d+1)*+8a°

. .
NA,P=(2p— —d—2,/3 — 2 ’ =| —=;0y—

2 ( ¢ V3 (c—d) ,242a) |AA1| [ N ﬁ]
B I AzAl A P=Lta—2b4ctd+2)

é‘

hy = || AP — (2L AP)=
i!ifll ,\/|2| A2A1| 2

J(Zb—c—d—2)2+3 (c—d)2+8a2—% (da—2b+c+d+2)°
[=] 3

=\/?2b—c—d)2—i—3 (c—d)z+8(a—1)z—% (da+b—2c+d—4)*
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By =\/(2b—c—d)’+3 (c—d)2+8(a—1)2—% (4a+b+c—2d—4)?

hyy =/ (@b—c—d—2)*+3 (c—d)*+8a"—3 (b—c—1)°*
by =+ (@2b—c—d—=2)*+3 (c—d)*+8a*—3 (b—d—1)*
hy =+ (@b—c—d+1)7 + 8d?
FAHIAE B H e FIEIE 2.
#® =23 hh — 2R %
F=f+/\(2a—l) =
32a* + 166 + 16¢* + 16d* — 16bc — 16bd — 16¢cd —
16a+2+2(Dja—1)
(a+b+c+d=1,a>0,>0,c>0,d>0)
F'.,=64a—164+21=0
F',=32b—16c—16d+21 =0
{F'.=32c—16c—16d +1 =0
F'y=32d —16c—16d+21 =0
at+b+c+d=1

2 1
M2 —MH R a=b=c=d==,1=0,H f(TI,Z,Z)=o.

T E#E EHFAEE.

WYa=08f, f=16(0"+c*+d*—bc—bd —cd) +2 > 0;

M p=0Ht, f=232a"+ 16¢* +16d? — 16cd — 16a+2=2 (4a—1)° +
16(c* +d? —cd) > 0;

RIFEAIE c =0 8 d =0 B, £ > 0.

%_t?g fmin =0. ﬁE%-

13X (14. 33) , (14.34) 18

4° P RIENMEEA AAA WEE— 8 PRIEMME f WER K, 3
A A MBEEIR (=1,2,3,4) ,

4 4
DIREL9D (14. 35)
=1

i=1

g’iﬂﬂ%l\% PﬁEmeAxAzAsA.t *'C‘Nm%%
5%. "&.‘f—i P%&ﬁj‘]ﬂ E‘JIEEE%AIAZABA-t W{fﬁ_’)ﬁ uﬁ P ﬁl%m}é"\
A.‘ H‘JEE%%R.'G=19293’4) oﬁI'J

4

2R >6a (14. 36)

i=1
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Inequality in the Tetrahedron

MR @ A4.3D,F

iR,- >3>)r=3h=y6a
UEEE.
6. (1979, 7 Jif BLARUC 32 [a] ) WRBEK R o WIE N EAEAETHRE N 1
EEMEE, ERENE TR AR &N — 1m0 _
3a=b (14. 37)
Rl WIEMmEA T, AEEFIEMEGE T,, WM T, fo 8k S i
FER APTHUTHMEE T, 8268 r,. FXEAFTT T, &6 E 58KE
SAHYIH 1, 7T AR B — AW EAE T, , BoA B 5 T, AL, BT At 2 1 74 44
B TERE S HASMEAET,. B, T, HHTERER ro =R A/hFr.. B
AANVIFIENEE T, MEREERE 2 T MIMERBEEZER W=02Z—.FF
Pk 3ri =R, = r,. MBS 3B UE 8 A9 A %5 5K, IE .
BHE 1l RAPEREKNaWIENMEAEKA AAA AEE—A . PRIKT
HAAMNBEBEANR G=1,2,3,4),

i}m<27€ﬁ

2. P RIEMEE AAAA HIEE—S.PRITHAA MEERN
R, (i=1,2,3,4) ,BI&KAA, BEEBERN R, A<i<j<4),0
3 4
K;]@h., = %_ZR

HHY A P RIENEEA A AA, PORBRES.
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A i DY 1 14 B 2%

/f

% 1'.52@_{’(&7\] ava,;b’blifvcl 9 2% Bt RE 9% 43 | /F 4 14 T
e B = 4 % e 1 B R A R

|2a" (@ —b* — ")+ (@ + " =) B +a”? — )| <

16/ (0" —a) (' =) (p' =) V/p(p—d) (p—b) (p—0)

_1’_ (15. 1)
r_a +8 4+ . _a'+bte -
ﬁq:p - 2 ’P_ 2 .

iERR i VYE & ABCD (& 15. 1) =Xt 45r 5K a,
a 36,6 e, W HEME BCD 5 ABC BAEYH E (A& 15.2). B

_ﬁ RLEM . B
At
cos /ABC =S
——bZ +a’2 j— CZ
cos/CBD = 2ah

cos/ABD =cos(S/ABC + /CBD)=
cos/ABCcos/CBD — sin/ABCsin/CBD =
gt =p" Pgal—ect
2a’c” 2a’b

-5 -5 -
2a'c ) 2a'b ) L
@+ =)W +ad? =&
4a"? be’

-
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Inequality in the Tetrahedron

Viad PP — (@ P =0 4ad P — (b +a' P — P

4a’"? be’
@+ =)W +a2 =)
4a"* be’
N T T ey AT e ey kT
4a’? be' ’

V2ad P 208+ 2’ —adt —b — ¢t
FIf LA AD? =b* + ¢"* — 2bc"cos (L ABC + /CBD) =
’2 _[:(a/2 +P =B 4aP =)

b+

2a"?
V2a7 T+ 2d76 T+ 2T —a — b =" |
al
RV V) 2 T2 _Th g4 4
V2a2 b + 2b% ¢ +§Z,a a b C ] (15. 2)

& 15. 1

¥ P9 & ABCD i BCD 5 ABC & 1 ¥ i
E(E 15.3).
[ 24 7T 45

A'D'2—b ¢ _[(alz 42— +a'? —c?) 4

2a’?
V2d75 T 24770 + 20 —d— b —
24" :
V2770 + 208t + 2% —ad "t — b — ¢ ]
7
a

(15. 3)
KEH a.a" 36,0 5¢.¢" LR BLRE 43 54 A U 1 1A i = 28 Xof A% ) FE B 2% 4
2
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A'D’ < a< AD
Hp A'D"? < a® < AD? (15. 4)
¥ (15.2) ,15.3) RAK (15.4) #H15
|2a" (@ — 62 — ")+ (@"* + 2= +a'? =) | <
/Za'zclz _+_2a’2b’2 +2b’2(',2 _a’4 _b’4 _C’d .
V2a"P P + 265 +27%a"P —adt — b — ¢! (15.5)

IS
|2a" (@* — B2 — ")+ (@ +"* —8'2) (B +a"t — ) [ <
16/ (0" —a") (" =) (p" =) Vp(p—a) (p—5b) (p—0o)

K[P Pl=a +; +C ,p=a +2b+c-ﬁE$

ZEBAREMN —SETH 6 NEBMRUmAMATERGHA -1 T
R A5.5)F, 4 Za'zc'z +2a"%b'2 + 262" — @'t — 0" — ¢ > 0 B, 5T
A 15.5) FJ5 R EHB
F(a,a’ sb,b"yc,c’)= Zaza'z(— a®—ad '+ + b+ ) —

114 2l 14 ’ ’ 79
a’b e’ — it — At t —ath it >0

FRA:
2. (B KR ZHKEN a,a’ ;6,6 50, BILRBLRE 2 51 4E 1Y i {4
) = 4 X B A FE AR
G b ¢’y =2a""c"* + 24" + 26" "* —a’t — b — " >0 (15.6)
H  F(a,a',b,6 ¢,y =D a%a"* (—a' —a* + 8 + 6"+ + ") —
a’b?c’? —atb'ict —a"* bt —a" A >0 (15.7)

BRI KPS TE 1980 EA M, X BAH T —19%
UEHH.

MNFERMAERG, RESHIAN: REX T AABC =i a".b",c,
AADB )1 =i1a ,b,¢' , ABCD 1 =it1a’ 1b,c, ANACD [ =i1a b ,c 4335 L+
iR = MY B & E B AT LARAE 6 S E¥ a,a’ 26,0 e’ AT LUK AR DY T4 B 6 Skl
K. HEARR, fli.a=9,a’ =10, b=8,6' =7,c=11,c =14 B, AABC,
ANADB , A\BCD , \ACD #{4E /B &

F(a,a',b,b",c,c’)=—552 321 < 0
H bR E 2 AT A XA Y 6 N I BOAS BB R L Y T A A = 4 R K, A TS BE A4
i Y T A
BA &M Q5. 6) FTARITR? 1. Bl :a=0.1,a"=6,b6=15,b"=7,c=8,
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Inequality in the Tetrahedron

¢ =14. X8 G(a’ 8" »c’) =—5 265 <<0,F(a,a’ 6,8 yc,c’)=57.393 6 > 0,4k
i AABC, AADB, ABCD,AACD ¥JARFZ, Mia=0.1,a"=6,b6=15,b" =
7.c=8,c" =14 A REHY L 1Y w4k

3.(&& EMre (0,2x], Hx AN =MAKE sin x,cos x,tan =,
cot x,sec x,csc x WR—NHEEMAFZEK K = F9BET .

iz E%x%J‘fftﬁ,Efiﬁ\zﬁaﬁﬁﬁﬁf’?j;&?x:%wffﬁ.&R%%E
x € <o,§] Bpay.
%% <zr< f B, BT LA GIE A0 B 15. 4 22 HE B A AN = A o6 BOIE W6 2 4 15

Bo<r<E 5 i 2<csc1,sm1<tan1<“/— [<c051,f<cot xs

sec x < Zf L sin z,tan x SR —15 sec = #H4B, — 15 csc = FER , A%

sin z 5 csc x fHAR (B —FIFRELD.
i 15. 4,1 BC =csc x,CA =sin x,AD =tan x,
£ NABC ¥, § AB=cot z, \Tii#E AABD H, % cos x+

tan x < sec x +tan x < 2[ L—J_<cotx,ﬁﬁ%?£

W =M . Bt e = 7F?#E%#F.X¢ﬂ<i&4§¥ﬂ% <z <

csCx

% 395 A2 15.4

mx e (3:3)
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VEB DY i R AN S S LR 5 74

#

/\

e

MEERER

HEA AR R RS A s AL R =
%77 AR A RS R B R ARBR B 2 g AR R A
AR XU E TR B K — L7 5% AR HXTT
T F) PR 2.

16.1 Cayley 1A%

16.1.1 HS5Hk

A, Cayley F 1841 B —MUITFTH BRI L.
EHE 16, 1(Cayley EH) iRA LA, ,A A LA, =M=
Iﬂ*mlﬁv /?"\aij =a; = |A.A; | a < i <]< 5) ,ﬂ'lﬁ

0 1 1 1 1 1
1 0 a?z a%s a?a a%s
y. 2
1 a} 0 a3 ahy ass 16. 1
1 2 2 0 2 2 =0 (16. 1)
az as dzy dszs
2 2 2 2
1 ah ai  ai 0 Qys
2 2 2 2
1 a5 ai a3 ai 0

AT 5 Xl W A DALALALALA) R, MAE &
{AlAZAsAqu} H(J Cayley—— Menger ﬁﬁljﬁ
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Inequality in the Tetrahedron

Cayley 5 B #9E B 7R L — 7l , 3 B PR 44 4 3010 S AL 48 1 — N 3EE A,
iEB BA M =B JLBARE S 0. 0A, =a, (1 < i < 4) ,0A, =0.

[ (a;—a;)’=a; A<i,j<5)
BTy
0 1 0 1
D,(A])A29A3!A49A5): ' 1 =
1. L w.—a)?
1 5 i 1 2 (a;: —a;)

oo |— % FR 5 MO BE. X S HE A0 F R s 47 5 5B A9 AR e S 0 47

) i‘é%ai MBI £ 47 ), 185

D,(Al 9A2 yA39A4 ’A5)= E = 'ai 'aj|4>(4

1

3
iﬁa; =(au 1 dp va.'_:z) (1=1929394) 9$mﬂé\\ﬁ a; *a; — Ea,—,,a,»,,
k=1

ay a;p a3 0
@ ap a; 0
a; *a; |4><4 = . =0

ay asxp ay 0
an ap a0

AT 18K (16. 1) AL

Cayley se A FZ N A , B 40

SIF16.1 #ALALAA F—UE A AT &R R HAMERER,

A
0 1 1 1 1
1 0 &} a} a4
D(A,,A;,A3,A)=|1 a} 0 aj; ai (16. 2)
1 a ak 0 ai
1 af, df, ai; O

0 a%z a%s a¥4
agl 0 a%s aga
Dy (A, ,A;,A3,A) = 5 2 (16. 3)
az das 0 azy
2 2 2
Ay Qyp Qg 0
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UES)

s __ 1 Dy(Ai Ay ,A5,Ar)
¥ 2 " DA, A, A AL (16. 4)

‘EEBE &As j‘]@ﬁﬁi A1A2A3A4 B‘Jﬁl\%ﬂif‘k'b,ﬂﬂ

A5 = Az — Az —dAgs =R

H Cayley EHBA

1 1 1 1 1
0 a} a% a}y R®
as, 0 ab a5 R?
ah, a% 0 ai R?
at, ai, a4y 0 R?
1 R® R® RP R* 0
E R3] Do (A ,Az,A5,A) + 2R « D(A,,A;,A5,A) =0. B AT A8 X

D(A] !Az !A] 9A4 !A5)=

— e = = O

(16.4) .
SIE 16.2  MEK AAAA, KIERV AT LLRATRITIIANER
)
V —288 D(A] ’AZ ,A3 7A4) (16.5)

iERR #1735 D(A,,A, Ay, A) BITFEER, 15X (1. 18) B8 B HE.
glﬂ 16: 3(%%) ‘I& by =asy; * a1s+sb; =ay3 * az by =ay; ¢ as .BI'J

VeR=1VpG—b) b b =4 (16. 6)
sip p b +bzz+b3.
iR AR
by =ay; * a14,b;, = a3 * az b3 =ay; ¢ ay (16.7)
i 25 6] Ptolemy ARG A b6, ,0,,0; ZFHEBREZMKFE=F, 87
fE— KR by 16, by B AB B, B; , R K A R BH

b + bi + by — 2b% b2 — 2b3 b7 — 2b3bE = —16A"7 (16. 8)
175K Do (A ,A,,A,A) BIF R (15.7) , (15.8) 183
D; (A, ,A;,A;,A,) =—16A" (16.9)
¥ (16.5) , (16.9) fL AR (16. 4) 3E8 5
6.VeR=A

B 7| B 16, 3 AT4G = £ 7E 2 /Y w4 i 55 A8 3.
ER16.2 7EANABCH . E¥XFab,c.AWER N f, N7 MNFHE K ABCD
H,%Faa’,bb ,ec' ,6RV X ZRIRH f,BIH
fa,sb,c,A) = f(aa' bbb’ ycc’ ,6RV) (16.10)
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Inequality in the Tetrahedron

16.1.2  RiHl
#l16.1 # AABC 1,5 .

abce
FASYRY

2’. A. Oppenheim %=
A1dz + 2245 + 2541 A* < A1@° + A.0° + Asc*)*?
3’. Finsler-Hadwiger A%
@a—b)*+G—c)'+ (c—a)’+43A<a’ +b* + ¢
VU & ABCD #,% .
L () B— A AE RN VAMERR RN R, H 6 R T
P,

ngfR-P% (16. 11)
2. (A1d2 + 2243 +2A341) (24RV) * < (A1a%a’? + 2,602 + A3c%c’?)
(16.12)
3. (aa'—bb") P4 (b —cc’)? + («¢' —aa’)? +2443RV <
(aa’)* + (bb")* + (') ? (16.13)

PLEARERES B W T B AR i AR B = B R A .
XFFR (6. 11) BHERH , 1 Polya-Szego A% A < {Tg (abc) ¥ 5

6RV =A" <[(m [chc)3

X F X 16.12), (16.13), H ZE #F A. Oppenheim A& % H Fi
Finsler-Hadwiger AR &, % a,b.c.A e aa’ , 66" scc’ ,6RV J5 7 Bl ] 153 .
4. FEE & ABCD w1, H
[(aa’)? + (bb")* 4 (cc’)*]+ (BRV)? < (abca'b’c’)?  (16.14)
S5 BUSL I FE 43 A0 B SR A0 2 - 1 WU T 4K 1 = 2 3 B B R 45
iEBl 7 AABC % ,% Neuberg A58 a? +6* +¢* <IR"* (R’ & ANABC

SMEB ¥ B R =920 I Neuberg F %X %54 T
= e (@ + b+ ) A* < (abe)?
EHEIE 16- 2 %ﬂvﬁtx%ﬁq:' avb,CyA &ﬁida’,bb’,(ﬂ",ﬁRV E,ﬁ%
%[(aa’) 24 (Bb')? + (') 2] (6RV) 2 < (aa’bb'cc’)?
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Bp (Caa")?+ (bb")Y? + (cc')? ] (BRV)? < (abca'd'c’)?
£ (16. 14) F, AFEAAFNX.F:
fE V4T & ABCD ', %

%ﬁ(aa'+bb’+cc’>RV<aa’bb'a-’ (16.15)
7R (16,15 FH.HBER — ILMAERG
aa' +bb' +cc’ =3 (aa’bb'cc’) ¥

ot aa b = %J’ . [3 (aa'bb'cc’y 3]+ RV

1T E BN S RV < é—i (aa'bb’cc’) T AR %R (16.14) ] F (16.11) .

5. fEVUE & ABCD . H
12V + a2+ + b2+ + )< (aa'bb'ec’) T (16.16)
iERA  fEPUE{K ABCD i, F A%
@t +at+ b0+ b+ + " <16R? (16.17)

i = (16. 4) ,ﬁR=§‘%,4’CAﬂ:<16. 17) , 28,15
V@ +a B B+ D <A
H AABC H1ff) Polya-Szego AR A < {Tg (abe) ¥ 18
A’ <§ (aa'bb'cc’)

H 4 AT HE 3K (16.16) . |
6°. BIUMEK A A A A, FIRBRASMERBER D58 VLR, TR A, Brxt

Hss>§—2( I a)® v (16.18)
i=1 1<i<i<4
UWER BME S 5 S, BT —mMAR 0, B NEEERAK SS, =
3a,'!‘v 4
2sin 65
36 H a; "/6
(Sl Sz 53 54) - I<i<y<d
2° [[ sine;
# J] sing; < g—i RABNAT 78 (16.18) .
1<i<j<4
7. WA A A AA ETRFISMERKERSFA VLR, TR A, BT
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Inequality in the Tetrahedron

HMEEAHR S (1=1,2,3,4),ida; = |AA; | A<i< i<, M

(ITs)*
R #6111 RAAR (16, 18) I T E R (16, 19) . EEE.
8. WM& A A A A, BRI EERER DA V, T A Brxt 1
MmEmEARS (=1,2,3,4) ,iaa,., =|AA; |A<i<ji<4), 0

(>1s)" — Zsz =>2/2V( D) a;) (16. 20)

1<i< <4

iEBR & S 5 S, mﬁm HAR, A<i<j<4) .HmftEeH
S, =S, cos 6, + S;cos 05 + Sicos 6, %,18

3(X8)"—4X 81 =(X8)" —2 s +4 3 55,=

1<i<j<d

Z(Sz+sa+s4_sl)sl+4 Z S:S; =

1<i<j<4

D3 [S:S: (1 — cos 612) + 51 S: (1 — cos 1) +

> 323 « RV? (16.19)

S$,S,(1 —cos 6,,) ]+ 4 E S:S; =

1<i<j<4
Z (Sl S:2 sin2 + 5,8;2 sin’ ]3 + 88,2 sin’ 0; ) I
4 >) SS;,=4 D) S:S; (smz—L—f-l)
Isi<i<4 1<i< <4
}ﬁ-?f&gﬁESinz —21 +1 2\/§Sin 0,‘,‘ (0 < 0ij < x) 9&%@]
V= 25;S;sin 0
3a;
(38) —4d'St =447 D) S:S;sin0; =642V > a;
i 1<)
AT 3
= (Esi)2>3ﬁV 2 a;
1<i< <4
10. Esr 2’\/?7' Z aj;
1<i <
11. V1o \/— 2 a;
3 I<i<j<4

16.2 | & ik

MR ZIEANHAEAFEAMERTIEZ— UTRIMNAMREES S —&
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AR K FE AT LA AR 2 i) B 3 A E B O T R S 2 K i . G ?szﬁ
B — A~ a4 % =K
513 16.4 XTFAEE—HIEFTELEE A 225254 BE P R4 8 A LA,
A Ay TR TFBRE A sdosd0d EHELD, WEE AAA A4 MEK a; =
AA; | (1<i<j<4),0 XMk mE—s.i =1,2,3,4) ,
oy

ZA EARZ—- S Adjel+ |OP|* (16. 21)

1<i<j<t

N EXP%M 'J—:';A1$A2’A’§’A4 m%ﬁﬁlnkzvlsn\ FEKJE LG
BT EA 50 ‘
|OP | = |a, OA: +A, OA, +A; OA,s +2, OA, |2 =

! —_— ——
SIAO0AT  +2>324,(0A; - OA)) =
=1

4 >
DR+ D) A (|OA P+ |0A;|* — |OA — OA; |H) =
i=1

Ii<j<4
4
DRI+ D) Ad; (RE4ARH— D) Ahjal =
i=1 1<i<j<4 1<i<j<4
4 4
(Elx) zllszz_ Z A,-A,-a,?,-
i=1 i=1 1<i<j<4

JEEE.

L X‘T?{f%“ﬁﬂﬁi&l‘l vl\z ’/13 9/14 9E1Pyg 4}-1—\:( Al 9A2 vAa ’A4 M%ﬁﬁ
A1sAzs4354, Emﬁ‘ﬁ‘iﬁwAlAZABA‘i H‘J&‘[ﬁaij =| AiAj | (1<l<]<4) %
iCR, = |PA, | (i=1,2,3,4) , ]

) .
S aael = (OJaR)° (16. 22)

%,lﬂagl R, =R, :Rs :}\?4 H&EX%%
XEERENER P AHLEA LA LALABRTEEA A4 FRWEL,
MAJE AR AlA A A, B L.

R fER (16,20 F L O=P, WA 2 ) 2 ARI= ) Adaj.
191 25 219

4
z A,‘A_,'a.zjz Z ZARZ ZAiR,)Z

1<i<j<A i=1 i=1
iE 5.

2° . WM A AAA BB K e, =|AA | A<i<j<4 .M f, &
R R om (1 <i< 4,0

184
MEERER



Inequality in the Tetrahedron

i< 3 ig(g)z (16. 23)

1<i<j<s MR r

WERE 7ER (16, 22) 1,4 A, »1%0:1,2,3,4) 8

a’ A
2 MRk (Z )

BOA — ks =k =2 — LB s P DS AL A, AL, BT G F
:|GAi|=%m, (i=1,2,3,4)

KA

N -9, B8R ER (16.23) W%
FAh T b <m, (=1.2,3,0 BB L < 3L =L

Eiﬁ‘.(lG.ZG)FP,é\A,=

UEE.

3. X#?'{f%_‘ﬁﬂﬂkiiﬁ A1sAz Az A4 @Eﬁi AAA, A4 B‘J&‘& a; =
|A,A,|(l\l<] . 4) O?\]Eﬁﬁ:p‘]ﬁ 'Ssvll.aR
|

4 4
D adsel < (O0A) DIAR? (16. 24)
i=1 i=1

1<ie <4

W EALY R OP =4, OA, +A; OA, +2, OAs +24, OA, =0 R EZE.

bR b 7E3 (16, 21) 51, B | OP |2 = 0,8k (16. 24) #84E. 45 P 50
HAER,F5 O

FERE A, =2, =2, =2, =1, B3 (16. 24) 1§ .

4, WNHEE A AAA BBEK e, = |AA | A<i<;j<4), PRHMNUE
EHIEE— 4. E | PA |=R.(i=1,2,3,4) , 1|

Z a’ <42R'f (16. 25)

M HALY O S P i A 1 = O B B 5

e (16, 24) W, 3% O R U EASMERRBRL LM R, =R =1,2,3,4) , ]
filA -

5. MFEE—HIETLE A 42,454, WHE K A AAA, IBEK a;, =
JAA | Q<i<<j<<4),HoEsREEHR R, N
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4
S aael < (O04)°R (16. 26)
i=1

1<yt

Hp e B4 BOP =2A, OA, +4, OA, +24, OA, +2A, OA, WRLH & P
Sk A A, A A, A O T4 EE.
6. >, a} < 16R? (16.27)

I<i<<j<4

YHMNYSLESELOES, BIXT I ERRES.
iR 7ER (16.21) FEL A, =2, =45 = A, = 1, WBF & P Ok P4 T 44
A1A2A3A4 #JE'IL‘ Gy :FE
|0G|*=16R"— 3> a2 >0
Y HAE MO S EOES N IRES.
TEIEHSOCESEOCEANRESRMHRXRMAHE. B 1. 28) 4%

GA}=2[3 3 af —4(ah +ah +ai)]

1<i< <4

GA? =%[3 S @} —4(ak +al 4ad)]

1<i<j<4

GAI=<c[3 3 ab —4(ah +ah +ak)]

I<i<j=<4

GA! =1_16[3 S @} —4(a}, +at +aky)]

HEEFIGA, =GA, =GA; =GA, =R.1%
at, +al; =ai, +ai
al; +als =aj; +ak
al, +aé, =ak; + ai,
B AR a1, =as a3 =au san =ass.
R Z 38 a, =au ra13 =au sai =an A LR, GA, =GA, =GA;=GA,,
B E S S EAOE S, IR,
A% (16. 24) AT LAF A %R (16. 25) B9— AL i A %R (16. 26) Y
WIRAEH F 5 RATL S TR EMR, Fl 0, R4 -
7.B R AVAALA, BSREEER, WUTER, FUTERER B A Ry,
ri(i=1,2,3,4)

< D) “—3<4~(3) (16. 28)

1<icj<a Vil r

iR 7E3t (16. 26) q:.x,:rl(i:l,z,s,u ,z;r.?éiuri+}+ri+i=
i 1 2

3 Ty

2 W HRABTER (16, 28) FHA SR,
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Inequality in the Tetrahedron

#E (16.22) 1,4 1, — /:—f(i=l,2.3,4) 18

Sty
BUA —A =4 —A =1, B RL P EIRIIE ALAAA, EL G, TR
R=[GA/|=3m (=1,2,3,)
A L3k, 78 4
DIE- S 10y
BT b < m (i =1,2,3,4) ,FEBERT.6) . ) f—:>8,ﬁﬁu

4 4
1<i<i<a ' a?j > 196 (Z i)z i% (; 1")

M, A& (6. 28)75%451113.
8. WK A\A A A I ERER. HUIRER. B2 3K R,r,
hi(i=1,2,3,4) ,0

9 < E %g(%) (16. 29)

1<i<j<d

EW AR (16.26) 0 =50 =1,2,3,4) ERELL +hl+hl+hi=
2 3 4

= %ﬁﬁ/\ﬂﬂ«éﬂt(ls 29) WA B BT b <m (1=1,2,3,4) ,18

2 &
By, = E 4 > g

hh; mm; =
I<i<<<a V%5 1I<i<K <4 ey

XRIER T (16.29) WAMA %K.
9. M A EMEE—5,.G HNEE A AAA, BEL, N

ZMA? > ZGA? (16. 30)
B BRONEMEMALIRREA. L v, =04, ,d=0M,u=0G, 0l u=
1

'ZV,'sm

4 4
DIUMA 2= [GA|H =D [d—v)?— w—v)?]=
i=1

4
Z(dz—Zd- vi—u—+2u-v,)=
=1

4d* — 8d « u— 4u’ + 8u* =

4(d* —2d s u+u*)=
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4(d—u)?=4 |MG|?
da|MG]2 0,485 (16. 30) . jiFEE.
. & qumﬁﬁ;AlAzAsA»x B’\JE»DJEGA,-=R;(i=1,2,3,4) 2Ty %m
[IRES A1A2A3A4 WEE—S PRERAA Q1 <i<j<<4) PN
,\/§ 4
PIEE 7leR, (16.31)

1<i<j<i4

W E AL PR A A, ALA, K E DO R
ER BT GA, =0, 1l

4
=>IR:+2 > RR;cos/AGA,
i=1

I<i<{j<4
4
% £ 3 RR,cos’ ~/AGA,=—DR*+2 3) RR, (16.32)
1<i<j<4 2 i=1 1<i<j<<4
B, A AAGA;, MR LAGA; B HEK, T o &R AR
2RR, 1 R :
t,'j R T R oS ?LA,GAJ g R,’Rl' cos 2 AA,GAJ (16. 33)

# X 16.33) AKX (16.32) 1§
4
4 D) £ <—DRP+2 >, RR,
i=1 1< <

e o

e (Ié;)_@t,,)2 < 611:(;“ 2 % ZRZ +21\‘Z})\4RR )<
-1 @R+ (PR3 (3R

FAR lg;@,,j g‘%—;R, (16. 34)

1 UE B R AT 55 S L AR A i 3K (16. 34) TR (16.31) .
11. &@Eﬁi A1A2A3A4 Eiﬁ)‘(ﬂ‘&fﬁ]ﬁﬁ}‘%ﬁi’rﬂﬁ dyd;d; JF%‘&%] my

My o« My 571y ,m'J
4

%(d1+dz+dz)< >im, (16. 35)

i=1

BHA S P EE A A A A, 9 IE DU A S
"EHH EE@JR,=%M,(I ]. 2 3 4) d r19+r341d7 r3—|-r,,,d<

ry .
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Inequality in the Tetrahedron

HAZER (16.31) 18
di+d, +d; < 2 ry <

AR 18 A %L (16, 35) .
12, % O K MW m & AAAA WIEE— &, id ZAOA;, =
a, A<<i<j<< ),

~o[S)

7 (5 %m)

D) cosa; <O (16. 36)
I<i<j<<4
» N OAr - .5
iE BA i VAN - =W~\r|(t:1,2’3’4)’ wohom &

e(i=1,23,H)MA S HWAMKMNMMAERN B.B.B:B,, AN O kMWK
AAAA, W{fﬁ—‘,‘iv B LA e 9 AH B2 ) & — e, EEFE B;B;B, mfl’nﬁ\iﬁf
AB.B,B, 1,32 N P, %
Q=—e =+ (e, +e;+e,)=—e »u=|u|cosf

Hpu=e, +e; +e Filiit AB.B;B, WELHHEE,0=(—e 0.

AHMER .Y 0 KA, Q &/ BIA PFE AB,B; B, W, T LAY —e, K e, 5
e; I e, B0 B K. AWk —e =e, I

Q=—e (e te;+e)=1+1e ce;+e e >e e +e e +e-e

WEF cosa, =€, +e,(1<i<j<4).8kA D) cosa; <O.

1< <4

LRMEE AAAA BIENCHMARO, A <i<j<4),0
E cos f; >0 (16. 37)

1<i< <4

R 7EMMEAA AAA, WAEE— g8 P, 3 P jia) DY i A A il e 43 50 F
&, ELEDHHN B, B, ,B;,B,, 5 M A, 5 P{FHE B, B; B, 1) 7%, LA P £
/U i {& B.B;B:B, Wit /B.:PB;=a; (1 <i<j<<4),M0;=n—a; fLARX
(16.36) , Bp AT 13X (16. 37) .

4* B ORMEEA AAA WIEE—.id LAOA; =o; (1< i<{j <
4y,

cos® “—ZL <3 (16. 38)
I<i<<d
\E BH E cos? &4 = Z L(1—}-cos:zz,,)=3+l Z cos a; < 3
I<i<j<4 2 I<i<<4 2]<: Ti<4
LR E R AAAA BYTEN AR 6, (1 <i<<j<<4) 0
> cost >3 (16.39)
1< i<t
B D o= lateossy=3+1 3 cosg; >3
1<i<j<4 2 1<i<<4 2 21€|<Tj\(4
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16 . UK AL A AA, BB K e, = [AA; | A <i<j <4 SMERRERL
TEH NHR ., SMERR ¥R R,
12R? < D) a} (16. 40)

I<i<s4
EHH &AA,OA,za.,(1<1<]<4),EAA,OA, q:lsz{% COS a; =

2R221; = AR (16.36) ,EHBEIAT R (16.40) . 54K (16.27) , FATH -

17. lzgﬁﬁi AAAA, Bg&{( A = |AA I a<i <J 4) &b&ﬂzﬁﬁ‘b‘
FEFL R, ShEER AR R, I
12R? < D) a} < 16R’ (16.41)

1I<i<<4
18. lﬂlﬁﬁi A1A2A3A4 E‘Jﬁﬁ a; = lAiAj I 1 <i<j<4) ’ ':F%ﬁj‘]
m,-(i=l,2,3,4) 951‘]

4
Zmi<% M ay (16.42)
i=1

1<i<j<4

S R BB,
EW PRI A m =5 @ e ) B
m = |m |= ‘%(alz +ay; +aw) ’<
L@ |+ law |+ au =

—%(alz +a; +aw)
[i] 2
my < G an +an) vmy < G+ an +aw) i < 1 (@ +au +as)
PL_E g XA 1%

4
2
2m <5 2 4

I<i<j<4

-Fﬁﬁfiﬁﬂﬁﬁ% %ﬁﬁﬂ‘] W Az = Az = Ay — lias = azy = asu =
L«/9—3ez s My =M =m4=%«/1 + 5¢%,

e(0<<e<<D) ,Hiﬁﬁl.lfiﬂfﬂm]:?,

y

M-

7 =%«/9—3€2 +/IF5Z =2 (e—0)
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Inequality in the Tetrahedron

2 S ap=242e+2 (e—0)
3 4

16.3 H.Abrik

16.3.1 ORI FEA T & B JLAS 5 [ PR

TE =425 (A AR R — A DU T A Ay A, A A WA A8 4 Y DA, Xof 3228 [a] o
BB — £ M T R P94 1 i Y AR B B (e
Vaaam 2 Vaaam t Vanam  Vasam=p1 t po tops * pa (16.43)
W AE L M B R AR AR , s AR EL A AR L IR
M= () ez 1pes s p2s) (16. 44)
EFE (O XEMEANUEENER.BRETHS K. BEYE, S MTESR
e 0 TR A ) L B SE O IE 70 R
2) X F A M8 E LA B A IEA upopsp) s AR R
Chpy sy ks skye) s BRHSEREFFARME— , AT AR 22— HET W HE 7.

(3 /*\A':_!J'_(i:hz’&“) ,ﬁl'JZA,=1. AT Q1222 225 :44) MAE £
M ) BLTE AL AR,

Eﬁﬂxﬂ‘?é&ﬁmﬁﬁi A1A2A3A4 vm,‘i AI sAz 1Az lAA %E'C‘%ﬁj‘]

A] = (1:0:0:0) vAZ = (0:1:0:0) yA3 — (0:0:1:0)A1 e — (O:O:O:l)

i't‘%ﬁ‘ifl G= (iii—l‘) ,W4|L‘é|é*'iy‘7 I= (S; :Sz:S“S,).

TERNHESILA T H.

SIE 16,5 WAMRMEEMNEDS A EETHALKRRAPRLER
(xivyirz) (i =1,2,3,4). 2B M= (uiipzipa:p), ERNEHALERN
(l‘sy»Z) vaJ

4 1
Zlu,.z‘,» 4 Z/liyi
=1 "

4
xr=- n A,’.l'ny:':: :iny”zzgl :inzi

Dom Dom D T

=1 i=] =1

(16.45)
Rl
EH A =—£—G=1,2,3,0) 0 DA, =1.
1
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iE A mE 16.1 Bt w, B Veawa,aam = VieVamuaaam = Vi
VmﬁwAlAzA,M =V, ’Vlmﬁi(tAlAzA!M =V, B4 AMZMiE £ T As -G A A &
AA, TAE A, BE A MERLIEN (x5,y5525) » B A FIEALIRN
(135 026) s HE D RAKH

Aq

As
A

As
Ay
& 16.1

o =A6A2I] +A1A51’z =SAAZA3ASII +SAAlA3A512
’ ALA, Saa,aza, T Saa aa,
NElsRARX A
AsAszs + AsAgzs (Sanaa, T Sanaa ) Ts + Sana,a, xs
IS — ——
A A

)Ig' Tg '{'E)\_tﬁ$ig

SMZAJA‘

SAA2A3.45 x + SAA]AaAs x + SAAlA:,A_; T3
X5 =

SAAZA3A‘
B A LA, BIFH A AAs MBER 4 A L,
S!_\.A,ABAE : SAA2A3A5 :Vmﬁ{*AlAJA‘ASVEﬁ(tAzAzA,‘AS =llSAA3A‘lAﬁ ¥ 125&/\3/&,.4ﬂ -

Lt L, =0LSaaam ¢ LSaaam =V, 2 V)

[ 22 Snaaaa, * Saaan, =V 2V

Fr LA Sanaza, * Sanaa, :Saaan, =Vi 3V, V;

H U AT 7%

SAAzAaA5 o Vi San, A - V, San,a,a, - V,

Sanaa, Vi+Ve+Vi'Saaaa, Vi+Ve+Vsi'Saaaa, Vi+tV.+V;

DL 2 =SAA2A3A5-1'1 = SgAlASASIZ = SAAlAzASIB :V11‘1/+ Vox, +Vix,
AALALA, 1 +V,+V,

NHERDR AKX A

szqus +MA51'.| =(V| +V2 +V3)1'5 +V4I4
AA; \%

Ll W

_Vl.l'l +VzIz +V3.Z'3 +V4I4
o %
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Inequality in the Tetrahedron

RJI 1221\,-1,-
]

IﬂﬂﬂﬁE y= Z/\.y. ' T = ZA.‘Z,’. iIEEE.

S 16.6 W =4EZS A ARFR YK Al A A A, FINHE{K B, B, B: B,
HH 45K V A V', MEK B B,B;B, % T & B, f 0 B A AR K
Ui A da:dy) 6=1,2,3,4) 1

Au Az A Au

vV =V Az Az Asz An (16. 46)
Azt Az Az Asg
Aua A A Au

UERR O T B PR AR A AT

oy oz 1 a, b o 1
V:l v o) R Zy 1 ’V/:_l_ as bz Cy 1
6 T3 Y3 Z3 1 6 a;s b3 C3 1

Xy yi oz 1 a, b, ¢y 1

jXE‘(ai’bi’ci) j‘ﬂmﬁﬁ:BleBaB‘x B‘JDﬁﬁ B, (i=1,2,3,4) E@E%é[éﬁi
FIRAT N vk W J e 3 16. 5,78

A Az A Au I, Y1 =z a b o

Azv Az Az Awm Xy Y2 22 a b, o

—

1
1

Azt Asz Ass Asm Xz Y3 R 1 las by ¢
1

A Az Ay Ay Xy Y4 2 a; by ¢

B5| 2 16. 6 AL
513 16.7 =4S (A AR U ER AL A, A AL B 4 AN TR B E O AAR
j(](,u.l Sptiz s pris T i) (@=1,2,3,4) ’)»Jltt 4 A,.\EI_J SF‘EJ:B{JB"E?%H:%

=0 (16.47)

pa pa pus pa
513 16.8 M JAIRMUHEE A AAA WIEE— 8L EXR AM KL
SPANZEX T F B, (i =1,2,3,4) & M BB LFRN (e pro s prs spee) W
Bi=O:paspszpea) By = (1 :0:pa3 2 p00)
Ba = (s spt2 10500 By = Qta 123 13 40) (16. 48)
iE BH HhE .B, B E LA FR R (0:Vimgima, ,a,a, : Viwsima, 4,8 4,
Viwitka, a,a,8 ) » B 5B 16. 5 #E B AT %0
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Saa,an, * Saaas, P Saaas =Vi iV, 1V,
B LA
Vmiﬁ{:l:A,B,AaA1 * Viaita, a,8,4, * Vmﬂi(&AlAzA3B SAAzA?Bl Saa,a,B, ¢ Saaa,ns =
Vie Ve Vi=p b ps b
HIBE. 8 By = (0 ¢ gy * s ® )  HARFEATIE. GE5E.
513 16.9 WA BRXFTARBWEEEK AAAA BELHABELEN
Q1222223 :40) » ]

SA BA, =0 (16. 49)
iR I 16.5 51 DA, BA, B LHR N

Z}/\v [(ZAIII)—Iijz Z/\I E,\lx] — Elll"l =0
(7] 24 BT GE B H At AL AR TR A 0. GIEEE.

16.3.2 OB R

LM ANEEA AAA RIE—E, 4% AM P EEK L5 51300 -+
BB A<i<4),

1
Vmwus,b,5,8, S 37V mmna 4,0, (16. 50)

AP ESLMAMNY M ENHEEKA AAA, BELBR.
X B, P& B, B, B, B, WAETG K (Ceva) PUE{A.
iE B8 B OAAAA R EEME, FRAMMPBELLKN
(uispoipssps) T MAENEEGAET, AR g >06=1,2,3,4). 5]
H 16. 7 Al
B:—(O spzipzips) sBe = (ui 205 1 pa)
= (u1:p2:0:p00) By = (g sz 223 :0)

HATE ARy
0. M2 oz . 4 B, — H1 .0 M3 J k.
Z# Z# ; pi) ;# 2# Z#
. jad! M2 .0 Jak! B = :
E# ;F‘ ;P ;/‘ ;/‘ EF‘
Eh?rlﬂls.s bl
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Inequality in the Tetrahedron

0 e K3 Ha
Dim am Dy
i#E1 i#1 i#=1
L g M3 P
- > Dim D
172 1#2 1#=2

VIZUEWB]BZB384 :Vlmi!cwm,AzAzA1 * =

IV 2
#3 i#3 =23
y23 M2 M3 0
2am Dam D gm
74 iF4 =4
‘ 01 1 1
. ) | 1 0 1 1|_
WiE kA A, A A, 1l Z/“i 11 0 1
i 1 110
4
_ P
3V *® ]
7Y i A1A2A3A4;I;|; Zl/l;‘
;#1

FRBA — LTS .
2#1>3()]f[]y,)% (i=1,2,3,4)
Wi AR
I1(3) = T

RARI, BESFTE. B LA ERIEBART M E S ML MR E R AR o =p. =
M3 = M » B Mﬁlﬂﬁﬁ‘AIAzAaA« I E L.
2. Gttt ED B UE&E A AAA, MPE R {K BB, B; B, MAMERRER
#}Rl’mu
R'R? > 3%¢° (16.51)
LA A A A A, R IE DU TE AR, M Ok L EE LG B 455 AT
S UE B 40 F 51 #.
SIE16.10 X FHmE AAAA SERMEE B,B,B;B,, i b; =
|BB, | A <i<j<4), 0
DT 6% D)8t = 36V? (16.52)

MUtk A A A A, R IE A, M R HE OB S RAL.
iE AR BECHBEE—A,C=Q1:A2:45:4,) (A, +A+H2,+4, =
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D. H5|# 16. 9, FEEEE—H Q. A
DMQAT = @ +CA) =

4 — 4 1 4 —
242QC*+2QC » DA CA + DA CA? =
i=1 i=1 i=1

4
Q¥+ D A CA (16.53)
i=1
X (16.53) 1,42 Q=A,(G =1,2,3,4) , HPFAFRRKLL A, . 17

4 4
DIad; AA;P=2;CA;2+24; D4, CA? (16.54)
i=1 i=1
4
R (16. 54) BiAXT 164 j SRA,HEEEFI D4, = 1,78
=1

4
3 A AAY=301,CA0 (16.55)
i=1

I<i<j<4

Wz (i=1,2,3, ) WEBE—HELH . ESARM— K C fEFH C X(TFH
MW EA BB,B:B, MELHMBE AR Q113 5:2 0, Hd A =

x,/( D ) (i=1,2,3,4) . FIFAR (16.55) LR, H
D1 A b =ZA’, C'B.

1<i< <4

B > Il‘bz_(ZII)ZICBZ (16. 56)

1<i<j<4

HFO<A . <1(=1,2,3,4) ,JFLAC H—:mmﬁsB B, B, B, P98, A1
HAC ENMEE A AAA KR S48 C ENHEE A AAA KN HE
fi(i=1,2,3,4) WELX.BLEH Q(G=1,2,3,4), BRE

Ex,.c'B? - ZI,C’Q? (16.57)
%’%ﬁil‘i’_—‘iﬂﬂﬁé Q;=B;(i=1,2,3,4) 9EDEEEE‘$ B,B;B; B, %}5\ C/ ;é

F Ok AL A A A, BT DY .
MAM P A%EKXS

4
> lcQ.l-s =3v

1 Oz @O 2'sH = (D) 1CQi |+ S8) =9vF  (16.58)
i (16.56) , (16.57) , (16, 58) =18

(D) zabl) (O)20'SH) = 9(D ) V? (16.59)

I<i<y<4

#HEXA6.59) 1, % 2, =x;, =2, =2, =1 EBAEX(16.52) , 5 44 mH
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Inequalify in the Tetrahedron

fk ALAALA, R TE DI ELE M B BB (16, 52) h% 58 .
R A6.5) WIEA MR G. 10D 8 < %R‘,ﬁm.?) : BB

1<i<j<4

16R"? K= (15.52) ,18

R?.R'> (%)3v2 (16. 60)

f (4. 14) : 8437 <V K (16.60) ,78 (16. 51), H 1 iE B 14 72 5 4024 g
A ALAAA HIEMEEE S M RAHEOKK (16.51) %55 7.
3. Gttt ED WAk A, A, A A, BVE B PO {& B, B, B, B, f A2 R 2 12
AR AOIERER N
R'R? > 3" (16.61)
%’llllﬁﬁi A A A A )bIEIElﬁﬁi,M j‘]ﬁi‘ﬁ‘ﬂ"j‘%%‘ﬁj
iERR VSR UK B, B.B; B, BRBA V', iR (16.50) &
V>3V (16. 62)
i (16.61) & 8/3r° < V', H
3t
23
HHEA LB MY WHEE AAAA, FIENMEEE M X HE O R
(16. 61) H1 %55 {3
4, GE AR AVAAA BRINFRAE— &, LB AP 5% A E R
B, (i=1,2,3,4) ,ltf§ A.P/PB;(i=1,2,3,4) f, BZLH —-IAKF 3,11
ELH—ANADF 3.
ERR R AAAA R PR IYE R, B A MEMALERRN
(z:3y:02:) (1=1,2,3,4) , A P ELOHMIBELIRHF Q1 :A2:3::40) - L ARBEAR
Hoxps HBRE B BIBLHA x5, WA B WELALELE R

Az = Az Ay
0: : H . .

3 3
R -« R? 2‘;—§V> . 3V’ 22—2 . 3% 4 833 =35,

4

4
IP=EA,'I,'11'BI :E 1Afi
=1 1

i=2

T2

i 4

A,’ i X (I_A) A.’ =g
AP_zp—z,  &METE D (ks — ) i
PB Ty —Ip = 4 ) 1 R

1 = [ 2 lAfi _2'\"1" ZAiri_(l——Al) Z/\,I, ]
i=2 1 = i=2 i=1

] 342 A;;é% (i=2,3,4)
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ﬁu%l’f‘—;=l—1—_—"~‘>3(i=z,3,4> U 1—2, > 382G =1,2,3,4) , A
m”%‘i_ QA+ +2A:+FAD)>3Q FA:+A:+40) B3 >38FE,. X
WA P EDH —ANAKF 3.

R EEATE : U U E P ZEAH — DA/ TF 3. IEEE.

5. Mk AAAA BMER AA, L4 3l BOR R F T & 8 A
B, A<i<;j<4), M W@ {4k A B:.B;B:A;Bi;By;Bsy:A;By By By s
A(By By By FELH —MEBRA KT R M E A AR A\ 52—

R HBTAB Q<i<j<4)BHESE L, B FE RS0 E E, )
PATE & As A, A Ay S A8 bR DO T, BT DA EE O BIYE AR AR R A BN & 0,

By, =(x:1—x:0:0) ,B;; =(y:0:1—y:0)
By = (2:0:0:1—2) ,B;; =(0:4:1—21:0)
By =(0:9:0:1—09) ,B3y = (0:0:0:1 —w)

M52 16.6,F
1 0 0 0
z l1l—= 0 0
Vuwina,s,8,8, = V=Q—x2)A—y)A—2)V
y O I—y
z 0 0 l1—2=
I-E-]E Vmﬁﬁngug“gu :I(l —/\) (1 —(9)V

Vi, 8,8, =32 1 —w)V

VEE“A-i BN 824 B.‘H = ww V

EEI e 0,D,zA—2)< 71— PR LE B
wEEH< (1) - vi=(1v)
B0 B K T T AP0 G

6. ﬁmmﬁAlAzAslh B‘JE:D?“J G»J\i}ﬁGmS{Lﬁﬁ&AlAz vAxAs ’A1A4
5% F &R B:B:,B,, & WM& ABBB, MikBK V, Hmik
BzBsB.1 'AZAQA;Q E‘Jﬁifﬂﬁ VZ ’mu

0KV, —V, < 2>

32
iERl & |AB:|t |BA|=a:t (1—a;) (i=2,3,4). HKB #EAA, L.
0 <a <. H¥EMK1L 10,8
vV,
V—dzaam

Bk A\A, A A, PR EAR, B F B (i =2,3.4) N KA L,
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Inequality in the Tetrahedron

Fr A E O A AR P A A& 0, 1A
B, =0 —az:a::0:0) yB; =1 —a3:0:a3:0)
B4 =1 —a4:0:0:ay) G = (%‘%%%)
Hﬂ?‘ G~Bz 1Ba ’B4 EH}.E“\EFFT]—SFEL,EI%H
1 1 1 1

4 4 4 4
l—a; a: 0 0 ]=g
l—a; 0 a3 O
l—a: O 0 ay
B dasasas — (azas +azays +aszaz) =0 (16. 64)
FARER — L FA%EX, B
darasas = (aza; tasas +asaz) = 3W

F}fu ‘ aza304><%)
X V,—V, . 2V, s fdyt . B
Pk Vv =l V<1 2(4) 32
Hah, = 6. 64) ,15
l+l+l:4 (16.65)

az as [+ &)
B0 <o <1,/8L>1, %=t q6. 65)%uai<2,ﬂwiﬁ% >ai>—.
i 2 3

ay

1
a;
éﬁC}:z,Eu a: =5 KM @ =a = 1B V) =V R EREARL
2

as

wl <za¢,iﬁi=2—d1,i=1+d2,ai=1+d3,m00<d1 <1,0< d,
az az 4

d; < laﬂﬁ/@ d,=d, +ds. :JC%

W ! e 1 - 1 &
VT eNT G—d) A+d) A+d)  @—d) (A +dy +dy Fdedy)
1 1 . !
—E<72

2—d) QA+d; +ds) @—d) A+d) 2+d,
R A2 AL i B
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i) i 55 55 AR

-+ 3

R

mEARER

L&zmﬁsmmmzAﬁﬁﬁaakvzgﬁmﬁﬁ
— & HHR SP 5 =44 SA,AB,SC Fi kM N @aronrgc. M

()sin @4 + sin @p + sin gc =>+/3;
(2)pa + @B+ @c = Sarcsing.

F O OWSRES T (), 8T LAER RS A8 20.
2. 1& S, » S, 933 vsa %lﬂlﬁﬁiﬁﬁﬁﬂﬁif?\,r %EEWE‘JW’CE
R4, UERH A
1

1 1 1 1
statTatTe S,

24 HAL 4 PO A GE PO E AR RGE S

3. T& T EIEE(ZF A A A A, p‘]ﬂfﬁ—‘,ﬁ P QJ&
AAQ<i<j<OHOMBEHE.R i S P BT E A,
A<i<4) MIEE . IEHREE
Z ry < ERi

1<i<)<4

HEN 1 2EEN.

4, Trﬁ ri %E@ﬁ‘ A1A2A3A4 W&%‘—“fj\ P @J&
AAN<i<j<OHWHEHE.R o3 & A P 3 WA
A <i<4) WEEE. IEWEE
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Inequality in the Tetrahedron

S <A@E=D 53y

1<i<j<4

5.8 r; RMUEEA AAA HIEE— ﬁPilJ&AA A<i<j<H W
PR .r AR AP B £ <i<4) EEE . IEHEEE
343 <
6. & Riwr, 2052 & AL AAA, V‘inf,«‘% P B g A F
fiAA<i<4) WES,IEHLEE :

ZR.' = Zﬁzfi

7. &Sl 28258355, %mﬁﬁAlAzAaAa B‘Jﬂﬂﬁﬁ,r%ﬁaﬂgﬁﬁiﬂﬁmfﬂﬁ
HA,S= D)5, EHREE

4

3x/—r i=1
8. Wr WAk A1AAA, NAEE — /& P BRI A A, X #4955,
RA<i<HRAPRWAA WEE,EHEEE

ZRleR;; — 27Zr|r2r3

9. # P 2 ifi{& ABCD W& — & ,AP,BP,CP,DP 4 %] BCD,
CDA ,DAB,ABC ¥5 A',B,C',D 5%

1 1 1
PA” « PB’ + PA” « PC’ * PA” « PD

1 1 1
PB - PC ' PB -PD " PC -PD =

4( 1 sl 1 1

7+

7+

AA"-BB TAA"-CC’ T AA”. DD

1 1 1
BB’ « OC'+BB’ . DD’+CC’ . DD’)

10. T‘QEEW A1A2A3A4 B“]m’]ﬁfﬁj‘? S:(l:1,2~374) 'mu

(jsi)z—zi]S?;s% 2 is,. .V
E O REW TR AT E A 25,
1, & Wm & WmMAy Se=1,2,3,4), KB H V, L
VS G=1,2,3,4) Sy 1Y~ v v AR A VO T AR R AR BLR V L R AR
V’2>2“g§V

12, & om, EPUHEAAEA AAA TS A G=1,2,3,4) i X4 . » B DUH
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PBY P YTBR O 22 B8
>

i=1

13. ﬁ 11 ’lz 913 ﬁ%ﬂ%ﬁ& AlAz ’A3A4 ;AlAz sA2A4 ;A1A4 vAzAa EF,'f—I_\ B<J
E?EB‘JK a,a, ;b,b/ ;Cv(", ﬁ%’l%ﬂﬂ‘ﬁA]Az ’A3A4 ;A1A3 2Ar A3 AA, WA A, H"J
K. EH

1 <
m\

43 WP < D) (aa)”
14, #PUmEAEMERA S (i =1,2,3,4) &8 R V, 558

JI[(S—2S) =4vs
15. % P AR AL A A A H— 8,00
LA;PAJ-=G,'J (l<l<]< )
a)

1 e 1 1
1 2 cos 2 2 —Cos 2 2 cos 2
4 azl _i az3 __1_ Qz4
7 cos. 5 1 2 cos 2 3 cos 2
A= 1 1
o an 1 Qasz L Q34
3 cos > 2 cos 2 1 2 cos o
A an _ 1 as _ 1 ag
5 cos 2 2 cos 2 > cos 2 1
A >,

IR IER T RS AR A vk BYE AT LAE B A5 AR 3.

16. P& A A A A, flE £ M ERIPERAR (=1,2,3,4) ,UTH
RE AN EEER 42 0 R A AR

17. B hoor B RMEEALAAA TE f,G=1,2,3,4) EHFEMZFEY]
BRER  HBo<<a<1 L, FR

— 1
Zriik’};—i h, — Ar

% S, =S, =,53,:S4 WHK%%

18. fEPU T & PABC w,# /APB = /BPC = /CPA =90°, APBC,
APCA,APAB,ANABC WHIBH$B5 B K rasrssresre r P E A PABC
WEIER R, AR

Dy +ri+r2<9(3—242) 153

(2)—+ +iz>2*/—+3,
re

37'[»
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Inequality in the Tetrahedron

(3)r<@;—ﬁr,,

WMHNY a=b=c BTRFES.
19. BHEPREKNa WIENEEA AAA HEE—8,PRIFTHHA,

Zf<2ff

20, % P RIEMEE A AAA HEE—A, A PRI S A HWEER
R, (i=1,2,3,4) ,BIf/HK AA, WEEEAAN AR, 1<i<;j<4b, HH
Z hy >‘/—ER
MHAMNY S P AHIEMEAKA, A A Ay > jrﬁ,ﬁﬂfﬂ%%.
21, BT K A Ay A A FREERVIER R VIR ¥R R R IMERER AR,
=AA; | A<i<ji<4) .58

> ai < 14R* +6R*?

1<i<j<4

W E A DU AR A, AL A A, K IF PO AR R %S
22. WA A AAA, ZMHEEER S (=1,2,3,4) HEE, K P4 H £
%%kﬁiﬁ%
3. WK ALAAA, BISMERRFIAYIBRIGEZ 28 R Al r, N —
MP @J%ﬂﬂmmﬁ}%ﬁ d;(i=1,2,3,4) , 550
N EZr TR
24, WHEPRHNEKA AAA RIEE— & iER =|PA;|(i=1,2,3,4),
- |A,~A,» | 2
DIRR< D) dy =1,k €N
Hebh 2% 1 BEERN.
25. %R, R AA AAA, BIE fG=1,2,3,4) MM ER¥RE,RZ
VO T A £ Ah E ER 2 AR, )

SR, >¥R
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